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ALciKseA naturally follows Arithmetic in a course of scien- 
tific studies. The language of figures, and the elementary- 
combinations of numbers, are acquired at an early age. 
When the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebra 
is but Arithmetic written in a different language. 
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JgJ It is the design of this work to supply a connecting link 
flj between Arithmetic and Algebra ; to indicate the unity of 
) H the methods, and to conduct tfie pupil from the arithmetical 
^ Q* processes to the more abstract methods of analysis, by easy 
I O ^^^ simple gradations. The work is also introductory to 
• 7Z the University Algebra, and to the Algebra of M. Bourdon, 
•^ which is justly considered, both in this country and in 
Europe, as the best text-book on the subject, which has yet 
appeared. 

In the Introduction, or Mental Exercises, the language 

of figures and letters are both employed. Each Lesson is 

so arranged as to introduce a single principle, not known 

m 



IV PREFACE. 

before, and the whole is so combined as to prepare the 
pupil, by a thorough system of mental training, for those 
processes of reasoning which are peculiar to the algebraic 
analysis. 

It is about twenty years since the first publication of the 
Elementary Algebra. Within that time, great changes 
have taken place in the schools of the country. The sys- 
tems of mathematical instruction have been improved, new 
methods have been developed, and these requu*e correspond- 
ing modifications in the text-books. Those modificatkuis 
have now been made, and this work will be permanent in 
its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 
fevered me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author ; and I shall feel myself under special 
obligation to all who will be at the trouble to communicate 
to me, at any time, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
the cordial co-operation of teachers and authors — by joint 
labors and mutual eflforts — that the text-books of the country 
can be brought to any reasonable degree of perfection. 

Columbia Collige, New York, March^ 1859. 
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SUGGESTIONS TO TEACHERS. 



1. The Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of 
the pupil for those higher processes of reasoning, which it 
is the peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though perhaps, in the begin- 
ning, some aid may be necessary to those unaccustomed to 
such exercises. 

3. Great' care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
all reasoning must lie in distinct elementary ideas. 

6. Therefore, to teach one thing at a time — to teach that 
thing well — to explain its connections with other things, 
and the consequences which follow from such connections, 
would seem to embrace the whole art of instruction. 

• • ■ 
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10 INTRODUCTION. 

Note. — When x is ^vritteu by itself, it is read one aji 
and is the same as, laj ; 

X or lic, means once ar, or one £C, 

2ic, " twice x^ or two iB, 

Sx^ " three times a^ or three iB, 

4aj, " four times £C, or four cc, 

<&;C., <&7C., <&c. 

2. What IS a; 4- a; equal to ? 

3. What is a; + 2aj equal to ? 

4. What is aj -h 2a; 4- a; equal to ? 
6. What is a; + 5aj + x equal to ? 

6. What is a; -f 2aj + 3a; equal to ? 

7. James and John together have twenty-four peaches, 
and one has as many as the other : how many has each ? 

Analysis. — Let x denote the number which James has ; 
then, since they have an equal number, x will also denote 
the number which John has, and twice x will denote the 
number which both have, which is 24. If twice x is equal 
to 24, X will be equal to 24 divided by 2, which is 12 ; 
therefore, each has 12 peaches. 

WEnTEN. 

Let X denote the number of peaches which James has ; 
then, 

24 
aj -j- a; = 2a; = 24; hence, a; = -— = 12. 

VERIFICATION. 

A Verification is the operation of proving that the num- 
ber found will satisfy the conditions of the question. Thus, 

James* apples. John^s apples. 

12 +12 = 24. 

Note. — Let the following questions be analyzed^ vsHtten^ 
and V0r\fiedi in ^oiccctly the same maimer as the abovB. . 
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8. William and John together have 36 pears, and one has 
as many as the other : how many has each ? 

9. What number added to itself will make 20 ? 

10. James and John are of the same age, and the sum of 
their ages is 32 : what is the age of each? 

11. Lucy and Ann are twins, and the sum of their ages 
is 16 : what is the age of each? 

12. What number is that which added to itself will 
make 30? 

13. What number is that which added to itself will 
make 50 ? 

14. Each of two boys received an equal sum of money at 
Christmas, and together they received 60 cents : how much 
had each ? 

15. What number added to itself will make 100? 

16. John has as many pears as William; together they 
have 72 : how many has each ? 

17. What number added to itself will give a sum equal 
to 46? 

18. Lucy and Ann have each a rose bush with the same 
number of buds on each ; the buds on both number 46 : 
how many on each? 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each ? 

Analysis. — Let x denote the number of apples which 
John has ; then, since Charles has twice as many, 2x will 
denote his share, and x 4- 2iP, or 3a^ will denote the 
number which they both have, which is 12. If 3a; is equal 
to 12, X will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples, and Charles, having twice as 
many, has 8. 
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WRITTEN. 

Let X denote the number of apples John has ; then, 
2x will denote the number of apples Charles has; and 

X + 2x = 3a5 = 12, the number both have; then, 

12 
X = — z= 4, the number John has ; and, 
s 

2a5 = 2 X 4 = 8, the number Charles has. 

VERIFICATION. 

4 + 8 = 12, the number both have. 

2. William and John together have 48 quills, and William 
has twice as many as John : how many has each ? 

3. What number is that which added to twice itself, will 
^ve a number equal to 60 ? 

4. Charles' marbles added to John's make 3 times as many 
as John has; together they have 51 : how many has each? 

Analysis. — Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and John two thirds of the whole. 

Let X denote the number which Charles has; then 2x 
will denote the number which John has, and x -f 2aj, or 
305, will denote what they both have, which is 61. Then, if 
Sx is equal to 61, x will be equal to 61 divided by 3, 
which is 17. Therefore, Charles has 17 marbles, and John, 
having twice as many, has 34. 

WRITTEN. 

Let x denote the number of Charles' marbles ; then, 
205 will denote the number of John's marbles; and 

305 = 61, the number of both ; then, 

61 
05 rz — = 17, Charles' marbles; and 

IJ X 2 = 34, John's marbles. 
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6. What number added to t'wice itself "will make 76 ? 

6. What number added to twice itself will make 57 ? 

7. What number added to twice itself "will make 39? 

8. What number added to twice itself will give 90 ? 

9. John walks a certain distance on Tuesday, twdce as 
far on Wednesday, and in the two days he walks 27 miles : 
how far did he walk each day ? 

10. Jane's bush has t>vice as many roses as Nancy's: and 
on both bushes there are 36 : how many on each ? 

11." Samuel and James bought a ball for 48 ceuts ; Samuel 
paid twice as much as James : M'liat did each pay ? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 66 into two such parts that one shall be double 
the other. 

14. The sum of three equal numbers is 12 : what are the 
numbers ? 

Analysis. — Let x denote one of the numbers; then, 
since the numbers are equal, x vdW also denote each of 
the others, and x plus x plus x, or dx w411 denote their 
sum, which is 12. Then, if dx is equal to 12, x wUl be 
^equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

WRITTEN. 

Let X denote one of the equal numbers ; then, 
X + X -{- X =. Sx = 12 ; and 

aj = --- = 4. 
3 

VERIFICATION. 

4 + 4 + 4 = 12. 

15. The sum of three equal numbers is 24 : what are the 
numbers? 

16. The sum of three equal numbers is 36 : what are tibe 
munb^rs ? 
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17. The sum of three equal numbers is 6.4 : what are the 
numbers ? 



LESSON m. 

1. What number is that which added to three times itself 
"\nll make 48 ? 

Analysis. — ^Let x denote the number; then, 3a; will 
denote three times the number, and x plus 3aj, or 4«, 
"will denote the sum, which is 48. If 4® is equal to 48, 
05 will be equal to 48 divided by 4, which is 12; there- 
fore, 12 is the required number. 

WRirTEN. 

Let X denote the number; then, 

8a; = three times the number; and 
a; + 3a; = 4a; = 48, the sum : then, 

« = ^ = 12, the required number. 

VERIFICATIOX. 

12 + 8 X 12 = 12 + 36 = 48. 

Note. — ^All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself "will give 40 ? 

3. What number added to 6 times itself "will give 42 ? 

4. What number added to 6 times itself will give 63 ? 
6. What number added to 7 times itself will give 84 ? 

6. What number added to 8 times itself will give 81 ? 

7. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John has 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles has 
H tittws as many as William : hoxv many has each ? 
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10. James and John travel 96 miles, and James travels 
11 times as far as John : how far does each travel ? 

11. The sum of the ages of a father and son is 84 years; 
and the father is 3 times as old a^ the son : what is the a^e 
of each ? 

12. There are two numbers of which the greater is 7 
times the less, and their sum is 72 : what are the numbers? 

13. The sum of four equal numbers is 64 : what are the 
numbers ? 

14.' The sum of six equal numbers is 54 : what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 1 times as many as he loses which takes all 
he has : how many did he give away ? Veiify. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other : how many does he give to each ? 

17. What is the sum of x and Sx? Of a; and 1x? 
Of X and 6a;? Of a; and 12a;? 



LESSON IV. 

1. If 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — Since one apple costs 1 cent, and since x 
denotes any number of apples, the cost of x apples will be 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since x 
denotes the number of apples, the cost will be twice as many 
cents as there are apples : that is 2a; cents. 

3. If 1 apple costs 3 cents, what will x apples cost ? 

4. If 1 letoDn 0cfm 4 cents, wh.tt will x lemons cost P 
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5. If 1 orange costs 6 cents, what will x oranges cost ? 

6. Charles bought a certain number of lemons at 2 cents 
apiece, and as many oranges at 3 cents apiece, and paid in all 
20 cents : how many did he buy of each ? 

Analysis. — Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, it will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2x vnll denote the cost of the lemons ; and 
since the oranges were 3 cents apiece, Sx will denote 
the cost of the oranges; and 2x + 3x, or 5x, will denote 
the cost of both, which is 20 cents. Now, since 5x cents 
are equal to 20 cents, x will be equal to 20 cents divided by 
6 cents, which is 4 : hence, he bought 4 of each. 

WRITTEN. 

Let X denote the number of lemons, or oranges ; then, 
2x = the cost of the lemons ; and 
3a5 = the cost of the oranges ; hence, 
2aj + 3a; = 5x = 20 cents = the cost of lemons and 

oranges ; hdnce, 

X =: 7— = 4, the number of each. 

6 cents 

VERIFICATION, 

4 lemons at 2 cents each, give, 4x2= 8 cents. 

4 oranges at 3 cents each, " 4x3 = 12 cents. 

Hence, they both cost, 8 cents +12 cents = 20 cents. 

7. A farmer bought a certain number of sheep at 4 dollars 
apiece, and an equal number of lambs at 1 dollar apiece, 
and the whole cost CO dollars: how many did he buy of 
each ? 

R. Charles bought a certain number of apples at 1 cent 
apiece, and an equal number of oranges at 4 cents apiece^ and 
piid 50 cents in all : how many did hb buy of c^Udi ? 
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9. James bought an equal number of apples, pears, and 
lemons ; he paid 1 cent apiece for the apples, 2 cents apieco 
for the pears, and 3 cents apiece for the lemons, and paid 
V2 cents in all : how many did he buy of each ? Veiify. 

10. A farmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars; he paid 3 dollars 
apiece for the sheep, 5 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did he buy of 
each? 

11. A farmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought him 3 shillings apiece, the geese 5, and the turkeys 
7 : how many did he sell of each soi*t ? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
Foj one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is twice 
the first, and the third twice the second : what are the 
numbers ? Yerily. 

14. The sum of three numbers is 64 ; the second is 3 times 
the first, and the third 4 times the second : what are the 
numbers ? 



LESSON V. 

1. If 1 yard of cloth costs x dollars, what will 2 yards 
cost? 

Analysis. — ^Two yards of cloth will cost twice as much as 
one yard. Therefore, if 1 yard of cloth costs x dollars, 
2 yards will cost twice x dollars, or 2x dollars. 

. 2. If 1 yard of cloth costs x dollars, what will 3 yards 
cost ? Why ? 
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3. If 1 orange costs x cents, what will 7 oranges cost ? 
Why ? 8 oranges ? 

4. Charles bought 3 lemons and 4 oranges, for which he 
paid 22 cents. He paid twice as much for an orange as for 
a lemon : what M'as the pnce of each ? 

Analysis. — Let x denote the price of a lemon ; then, 2x 
will denote the pnce of an orange ; Sx vnH denote the cost 
of 3 lemons, and 8a; the cost of 4 oranges ; hence, 3a; plus 
8a;, ©r 11a;, will denote.the cost of the lemons and oranges, 
which is 22 cents. If 11a; is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, tho 
price of 1 lemon is 2 cents, and that of 1 orange 4 cents. 

VrRTTTEN. 

Let X denote the price of 1 lemon ; then, 
2a; = " 1 orange ; and, 

805 + 835 = 11a; = 22 cts., the cost of lemons and oranges; 

hence, x = — -- — - = 2 cts., the price of 1 lemon ; 

and, 2x2 = 4 cts., the price of 1 orange. 

VERIFICATION. 

3x2= 6 cents, cost of lemons, 
4 X 4 = 16 cents, cost of oranges. 
22 cents, total cost. 

6. James bought 8 apples and 3 oranges, for which he 
paid 20 cents. He paid as much for 1 orange as for 4 apples: 
what did he pay for one of each ? 

6. A farmer bought 3 calves and 7 pigs, for which he paid 
19 dollars. He paid four times as much for a calf, as for a 
pig : what was the price of each ? 

7. James bought an apple, a peach, and a pear, for which 
he paid 6 cents. He paid twice as much for the peach as for 
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the apple, and three times as much for the pear as for the 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. He paid tvrice as much for the 
lemon as for the apple, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A fanner sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves : 
what was the price of each ? 

10. Lucy bought 3 pears and 5 oranges, for which she 
paid 26 cents, giving twice as much for each orange as for 
each pear : what was the price of each ? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 56 cents 
among them, so that John shall have twice as many as 
James, and Charles twice as many as John: what is the 
share of each ? 

13. Put 54 apples into three baskets, so that the second 
shall contain twice as many as the first, and the third as 
many as the first and second : how many ^nll there be in 
each. 

14. Divide 60 into four such parts that the second shall 
be double the first, the third double the second, and the 
fourth double the third : what arc the numbers ? 



LESSON Yl. 

1. If 2x -{- X is equal to 3jc, what is Sx ^ x equal 
to ? Written, Sx — x = 2cc 

2. What la 4x — X equal to ? Written, 

4aj — 05 = Sx. 
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3. What is 8a3 minus 6a; equal to ? Wiitten, 

8x — 6x = 2x, 

4. Wliat is 12a; — 9a; equal to? Ans. Sx» 
6. What is 15a; — 7a; equal to? 

6. What is 17a; — 13a; equal to? Ans. 4x, 

7. Two men, who are 30 miles apart, travel towards each 
other ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : how long before they will meet? 

Analysis. — Let x denote the number of hours. Then^ 
since the time, multiplied by the rate, will give the distance, 
2a; will denote the distance traveled by the first, and 3a5 
the distance traveled by the second. But the sum of the 
distances is 30 miles ; hence, 

2a; + 3a; = 6a; = 30 miles ; 

and if 5x is equal to 30, x is equal to 30 divided by 6, 
which is 6 : hence, they will meet in 6 hours. 

WRITTEN. 

Let X denote the time in hours ; then, 

2a; = the distance traveled by the 1st ; and 
2x = " " 2d. 

By the conditions, 

2a; + 3a; = 5x = 30 miles, the distance apai-t ; 

hence, a; = -— = 6 hours. 

o 

VERIFICATION. 

2x6 = 12 miles, distance traveled by the first. 
3x6 = 18 miles, distance traveled by the second. 
30 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling in 
the same direction ; the first at the rate of 3 miles an hour, 
and the second at the rate of 6 miles : how long, before the 
second will overtake the first ? 
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Analysis. — Let x denote the time, in hours. Then, Sx 
will denote the distance traveled by the first in x hours; 
and 5x the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 miles 
more than the first : hence, 

5a; — 3aj = 2a5 = 10; 

if 2x is equal to 10, x is equal to 5 : hence, the second will 
overtake the first in 5 hours. 

^ WRITTEN. 

Let X denotfi tl^^"^®* ^ hours : then, 
305 = the distance traveled by the 1st ; 
and, 6aj = " . " 2d; 

and, 5a5 — 3«; = 2a; = 10 hours ; 

or, i2»#= — =5 hours. 



2 

• VERIFICATION. 

3x5 = 15 miles, distance traveled by 1st, 
5 X 5 = 25 miles, " " 2d. 

25 — 15 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is fill^ by 3 pipes ; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cistern ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute ; but there is a 
waste pipe which loses 4 hogsheads a minute : how long 
will it take to fill the cistern ? 

12. Two pieces of cloth contain each an equal number of 
yards ; the first cost 3 dollars a yard, and the second 5, and 
both pieces cost 96 dollars : how many yards in each ? 

13. Two pieces of cloth contain each an equal number of 
yards ; the first cost 7 dollars a yard, and the second 5 ; the first 
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cost 60 dollars more than the second ; how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons; 
the oranges cost him 5 cents apiece, and the lemons 3 ; and 
he paid 56 cents for the whole : how many did he buy of 
each kind ? 

15. Charles bought an equal number of oranges and 
lemons; the oranges cost him 5 cents apiece, and the 
lemons 3 ; he paid 14 cents more for the oranges than for 
the lemons : how many did he buy o^ach ? 

16. Two men work the same nu^i^ 'it days, the one 
receives 1 dollar a day, and the other two : aJt the end of 
the time they receive 54 dollars : kow long did they work ? 



LESSOISr YII. 

1. John and Charles together have 25 cents, afld Ch^Jes 
has 5 more than John : how many has each ? 

Analysis. — ^Let x denote the number which John has ; 
then, 33+5 will denote the number which Charles has, and 
a; + JB + 5, or 2a; -f 5, will be equal to 25, the number 
they both have. Since 2a; -f 5 equals 25, 2a5 will be 
equal to 25 minus 5, or 20, and x ^vill be equal to 20 
divided by ^ or 10: therefore, John has 10 cents, and 
Charles 15.* 

WRITTEN. 

Let X denote the number- of John's cents ; then, 
a; + 5 = " Charles' cents; and, 

a5 + a;-f5 = 25, the number they both have ; or, 
2a; + 5 = 25 ; and, 

2a; = 25 — 5 = 20 ; hence, 

20 
a; = — =10, John's number; and, 

10 + 6 = 15, Charles' number. 



n* 
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CharlM'. 
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10 


+ 15 


— 25, the sum. 


Charles'. 


John's. 




15 


~ 10 


= 5, the difference. 



2. James and John have 30 marbles, and John has 4 more 
than James : how many has each ? 

3. William bought 60 oranges and lemons ; there were 
20 more lemons than oranges : how many were there of 
each sort ? 

4. A farmer has 20 more cows than calves ; in all he has 
86 : how many of each sort ? 

6. Lucy has 28 pieces of money in her purse, composed 
of cents and dimes ; the cents exceed the dimes in number 
by 16 : how many are there of each sort ? 

6. What number added to itself, and to 9, will make 29 ? 

7. What number added to twice itself, and to 4, will 
make 25? 

8. What number added to three times itself, and to 12, 
will make 60 ? 

9. John has five times as many marbles as Charles, and 
what they both have, added to 14, makes 44 : how many has 
each? 

10. There are three numbers, of which the second is twice 
the first, and the third twice the second, and when 9 is 
added to the sum, the result is 30 : what are the numbers ? 

11.* Divide 13 into two such parts that the second shall 
be two more than double the first : what are the parts ? 

12. Divide 50 into three such parts that the second shall 
be twice the first, and the third exceed six times the first 
by 4 : what are the parts? 

13. Charles has twice as many cents as James, and John 
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has twice as many as Charles ; if 7 be added to what they 
all have, the sum will be 28 : how many has each ? 

14. Divide 15 into three such parts that the second shall 
be 3 times the first, the third twice the second, and 5 over : 
what are the numbers ? 

15. An orchard contains three kinds of trees, apples, pears, 
and cherries; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, the 
number will be 40 ; how many are there of each ? 



LESSON vm. 

1. John after giving away 5 marbles, had 12 left: how 
many had he at first ? 

Analysis. — Let x denote the number ; then, x minus 6 
will denote what he had left, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 12, 
increased by 5 ; that is, to IV : therefore, he had 17 marbles, 

WRITTEN. 

Let X denote the number he had at first; then, 
X — 5 = 12, what he had left; and 

X = 12 + 5 = 17, what he first had. 

VERIFICATION. 

17 — 6 = 12, what were left. 

2. Charles lost marbles and has 9 left : how many had 
he at first ? 

3. William gave 15 cents to John, and had 9 left: how 
many had he at first ? 

4. Ann plucked 8 buds from her rose biish, and there 
were 1 9 left : how many were there at first ? 
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6, William took 27 cents from his purse, and there were 
13 left: how many were there at first? 

6. The sum of two numbers is 14, and their difference is 2: 
what are the numbers ? 

Analysis. — ^The difference of two numbers, added to the 
less, will give the greater. Let x denote the less number ; 
then, a; -f- 2, will denote the greater, and 35-4-05 + 2, 
will denote their sum, which is 14. Then, 2a; + 2 equals 
14; and 2x equals 14 minus 2, or 12: hence, x equals 
12 divided by 2, or 6 : hence, the numbers are 6 and 8. 

VERIFICATION. 

6 -f 8 = 14, their sum ; and 
'8 — 6 = 2, their difference. 

7. The sum of two numbers is 18, and their difference 6 : 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy have 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. WiUiam bought an equal number of oranges and 
lemons ; Charles took 5 lemons, after which William had but 
25 of both sorts : how many did he buy of each ? 

11. Mary has an equal number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
is 6 : what are the numbers ? 

Analysis. — ^If x denotes the greater immbeT^ a; — 6 will 
denote the less, and x + x — 6 will be equal to 20 ; hence, 
2x equals 20 + 6, or 26, and x equals 26 divided by 2, 
equals 13 ; hence the numbers are 13 and 7, 
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WRTITEN. 

Let X denote the greater ; then, 

a; — 6 = the less ; and 
35 H- » ~ 6 = 20, their sum ; hence, 

' 2aj = 20 + 6 = 26 ; or, 

26 , ^ 

a = — - = 13 ; and 13 — 6 = 7. 
2 ' 

VERIFICATION. 

13 + Y = 20 ; and, 13 — 7 = 6. 

13. The sum of the ages of a father and son is 60 yeais, 
and their difference is just half that number : what are theii 
ages? 

14. The sum of two numbers is 23, and the larger lacks 
1 of being 7 times the smaller : what are the numbers ? 

15. The sum of two numbers is 50 ; the larger is equal to 
10 times the less, minus 5 : what are the numbers ? • 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 53 : 
how many has each ? 

17. An orchard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the whole num- 
ber is 30 : how mdny of each sort ? 



LESSON IX. 

1. If » denotes any number, and 1 be added to it, what 
will denote the sum ? Ans, x + 1, 

2. If 2 be added to a, what will denote the sum? If 3 
be added, what ? If 4 be added ? &c. 

II* to John's marbles, one marble be added, twice his num- 
ber win be equal to 10 : how many had he ? 

Analysis. — Let x denote the number ; then, a; + 1 will 
denote the number after 1 is added, and trvice this number, 
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or 2x + 2, will be equal to 10. If 2aj + 2 is equal to 10, 
2x will be equal to 10 minus 2, or 8 ; or x will be equal to 4. 

WEirrEX. 

Let X depote the number of John's marbles ; then, 

a; -f 1 = the number, after 1 is added ; and 

2(aj + 1) = 2a; + 2 = 10; hence, 

8 
2a; = 10 — 2 ; or aj = ~ = 4. 

VERIFICATION. 

2(4 + 1) = 2 X 5 = 10. 

4. Write a; + 2 multiplied by 3. Ans. S{x + 2). 
What is the product ? Ans, 3a;H-6. 

5. Write a; + 4 multiplied by 5. Ans, 5{x + 4). 
What is the product ? Ans, 5x + 20. 

6. Write a; + 3" multiplied by 4. Ans, 4(a; + 3). 
What is the product ? Ans, 4a; + 12. 

7. Lucy has a certain number of books ; her father gives 
her two more, when twice her number is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 15 : 
how many were in blossom at first ? 

9. Jane has a certain number of handkerchiefs, and buys 
4 more, when 5 times her number is equal to 45 : how many 
had she at first ? 

10. John has 1 apple more than Charles, and 3 times 
John's, added to what Charles has, make 15: how many 
has each ? 

Analysis. — Let x denote Charles' apples ; then a; + 1 will 
denote John's ; and a; + 1 multiplied by 3, added to a;, or 
8a; •+- 3 -f a?, will be equal to 15, what they both had; hence, 
4a; -h 3 equals 15; and 4a; equals 15 minus 3, or 12; and 
« = 4. Write, and verify. 
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11. James has two marbles more than "William, and twice 
his marbles plus twice William's are equal to 16 : how many 
has each ? 

12. Divide 20 into two such parts that one part shall ex- 
ceed the other by 4. 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears ; there are 22 in all : how many of each 
sort? 

14. What is the sum of a; + 3a; + 2(a; + 1) ? 

15. What is the sum of 2(a; + 1) + !(« + 1) + a? 

16. What is the sura of a; + 5{x + 8) ? 

17. The sum of two numbers is 11, and the second is equal 
to twice the first plus 4 : what are the numbers ? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he paid 27 cents ; he paid 1 cent more for a lemon 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 15 cents; Mary has 1 
more than Lucy, and Ann twice as many as Mary ? 



LESSOISr X. 

1. If a; denote any number, and 1 be subtracted from it, 
what will denote the difference? Ans. a; — 1. 

If 2 be subtracted, what will denote the difference ? If 
3 be subtracted ? 4 ? &c. 

2. John has a certain number of marbles ; if 1 be taken 
away, twice the remainder will be equal to 12 : how many 
has he ? 

Analysis. — ^Let x denote the number ; then, x — 1 will 
denote the number after 1 is taken away ; and twice this 
number, or 2 (a- — 1) = 2a — 2, will be equal to 12. If 2x 
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diminished by 2 is equal to 12, 2a; is equal to 12 plus 2, or 
14 ; hence, x equals 14 divided by 2, or 7. 

WKriTKN". 

Let X denote the number; then, 

CB — 1 = the number which remained, and 

2(a; — 1) = 2a; — 2 = 12 ; hence, 

14 
2a; = 12 + 2, or 14 ; and a; = — = 7. 

VERIFICATION. 

2(7-1) = 14 — 2 = 12 ; also, 2(7 — 1) = 2 X 6 = 12. 

3. Write 3 times a; — 1. Ans, 3 (a; — 1). 
What is the product equal to ? Ans. 3a5 — 3. 

4. Write 4 times a; — 2. Ans, 4(a; •— 2). 
What is the product equal to ? Ans, 4a; — 8. 

5. Write 5 times a; — 5. Ans, 6 (a; — 5). 
What is the product equal to ? Ans, 5a; — 25, 

6. If a; denotes a certain number, will a; — 1 denote a 
greater or less number ? how much less ? 

7. If a; — 1 is equal to 4, what will x be equal to ? 

Ans, 4 + 1, or 5. 

8. If a; — 2 is equal to 6, what is x equal to ? 

9. James and John together have 20 oranges ; John has 
6 less than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be diminished by 3 pounds, and the remainder multiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each ? 

11. Ann has a certain number of oranges ; Jane has 1 less, 
and twice her number added to Ann's make 13 : how many 
has each ? 

. Analysis. — Let x denote the number of oranges which 
Ann has; then, a; — 1 wiU denote the number Jane has, 
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and a + 2aj — 2, or 3a5 — 2, will denote the number both 
have, which is 13. If 3a; — 2 equals 13, dx will be equal 
to 13 4- 2, or 15 ; and if Sx is equal to 15, x will be equal 
to 15 divided by 3, which is 5 : hence, Ann has 6 oranges 
and Jane 4. 

WEirTEN. 

Let x denote the number Ann has ; then, 

X — 1 z= the number Jane has ; and 

2{x -- 1) = 2a; —- 2 = twice what Jane has; also, 

a; 4- 2a; — 2 = Sx — 2 = 13; hence, 

15 
3a; = 13 + 2 = 15; or a; = — = 5. 

VERIFICATION. 

5—4 = 1 ; and 2 X 4 + 5 = 13. 

12. Charles and John have 20 cents, and John has 6 less 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 5 be taken from the whole number, 19 will re- 
main : how many had he of each ? 

14. A basket contains apples, peaches, and pears ; 29 in 
all. If 1 be taken from the number of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort ? 

15. If 2a; — 6 equals 15, what is the value of a;? 

16. If 4a; — 5 is equal to 11, what is the value o^ a;? 

17. If 5a; — 12 is equal to 18, what is the value of a;? 

18. The sum of two numbers is 32, and the greater ex- 
ceeds the less by 8 : what are the numbers ? 

19. The sum of 2 numbers is 9 ; if the greater number 
be diminished by 5, and the remainder multiplied by 3, the 
product will be the less number : what are the numbers? 

20. There are three numbers such that 1 taken from the 
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first will give the second ; the second multiplied by 3 will 
give the third ; and their sum is equal to 20 : what are the 
numbers ? 

21. John and Charles together have just 31 oranges; if 
1 be taken from John's, and the remainder be multiplied by 
5, the product will be equal to Charles' number : how many 
has each ? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; the number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons : how 
many are there of each ? 



LESSON^ XI. 

1. John has a certain number of apples, the half of which 
is equal to 10 : how many has he ? 

Analysis. — Let x denote the number of apples ; then,- 
X divided by 2 is equal to 10 ; if one half of x is equal to 
10, twice one-half of x, or aj, is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — A similar analysis is applicable to any one of the 
fractional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 15 : how many has he ? 

3. If one-fifth of a number is 6, what is the number ? 

4. If one-twelfth of a number is 9, what is the number ? 
6. What number added to one-half of itself will give a 

sum equal to. 1 2 ? 

Analysis. — ^Denote the number by x; then, x plus one- 
lialf of X equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of x equals one-third of 12, 
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or 4. If one-half of x equals 4, x equals twice 4, or 8 : 
hence, x equals 8. 

WRITTEN. 

Let X denote the number; then, 

1 3 

aj 4- - a = -X = 12; then, 

-a; = 4, or a; = 8. • 

VERIFICATION. 

8 + ^ = 8 + 4 = 12. 

6. What number added to one-third of itself "will give a 
sum equal to 12? 

7. What number added to one-fourth of itself will give 
a sum equal to 20 ? 

8. What number added to a fifth of itself will make 24? 

9. What number diminished by one-half of itself will 
leave 4 ? Why ? 

10. What number diminished by one-third of itself will 
leave 6 ? 

11. James gave one-seventh of his marbles to William, 
and then has 24 left : how many had he at first ? 

12. What number added to two-thirds of itself will give 
a sum equal to 20 ? 

13. What number diminished by three-fourths of itself 
will leave 9 ? 

14. What number added to five-sevenths of itself will 
make 24 ? 

15. What number diminished by seven-eighths of itself 
will leave 4 ? 

16. What number added to eight-ninths of itself will 
make 34 ? 
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CHAPTER I. 

DEFDOnOKS AND EXPLANATORY SIGNS. 

1. Quantity is anything that can be measured, as num- 
ber, distance, weight, time, &c. 

To measure a thing, is to find how many times it contains 
some other thing of the same kind, taken as a standard. The 
assumed standard is called the unit of measure, 

2» Mathematics is the science which treats of the pro 
perties and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Untis, viz. : Units of 
Number / Units of Currency / Units of Length / Units of 
Snirface ; Units of Volume ; Units of Weight ; Units of 
Time / and Units of Angular Measure, 

3« Algebra is a branch of Mathematics in which the 
quantities considered are represented by letters, and the 
operations to be performed are indicated by signs. 

1. What is quantity? What is the operation of measuring a thing? 
What is the assumed standard called ? 

2. What is Mathematics ? How many kinds of quantity arc there in 
the pure mathematics ? Name the units of those quantities. 

8. What is Algebra? 

1* 
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4. The quantities employed in Algebra are of two kinds. 
Known and Unknown : 

Known Quantities are those whose values are given ; 
and 

Unknown Quantities are those whose values are re- 
quired. 

Known Quantities are generally represented by the lead- 
ing letters of the alphabet, as, a, 6, c, Ac. 

Unknown Quantities are generally represented by the 
final letters of the alphabet ; as, a, y, z, &c. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
a?', 05", a". These symbols are read: x prime; x second; 
X thirdj <i:c. 

5. The Sign op ADDmoN, +, is called plus. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + ^, is read, a plus ft, 
and indicates that b is to be added to a. If no sign is 
written, the sign + is underatood. 

The sign +, is sometimes called Xh^ positive sign, and the 
quantities before which it is wi'itten are called Jt>05^Y^^;6 quan- 
tities^ or additive quantities, 

6. The Sign op Subtraction, — , is called minus. When 
placed between two quantities, it indicates that the second 
is to be subtracted from the first. Thus, the expression, 

4. How many kinds of quantities are employed in Algebra ? How are 
they distinguished ? What are known quantities ? What are unknown 
quantities ? By what are the known quantities represented ? By what 
are the unknown quantities represented ? When an unknown quantity 
becomes known, how is it often denoted? 

5. What is the sign of addition called? When placed between two 
quantities, what does it indicate ? 

6. What is the sign of subtraction called ? When placed between two 
quantities, what does it indicate ? 
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c — dj read c minus dy indicates that d is to be subtracted 
from c. If a stands for 6, and d for 4, then a — d is equal 
to 6 — 4, which is equal to 2. 

The sign — , is sometimes called the negative sign, and the 
quantities before which it is written are called negative quan- 
titieSj or suhtractive quantities, 

y. The Sign of Multiplication, x , is read, multiplied 
hy^ or into. When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a y. h indicates that a is to be multiplied by 6. If a stands 
for 7, and h for 5, then, a x ft is equal to 7 X 5, which is 
equal to 35. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a X ft signifies the same thing as aft, or as a.ft. 

a y. h y. c signifies the same thing as «ftc, or as aJ)X. 

8. A Factor is any one of the multipliers of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, Safto, there are four factors : the number al factor, 
5, and the three literal factors, «, ft, and c, 

9* The Sign of Division, ~, is read, divided by. When 
written between two quantities, it indicates that the first is 
to be divided by the second. 

7. How is the sign of multiplication read ? When placed between two 
quantities, what does it indicate ? In how many ways may multiplication 
be indicated ? 

8. What is a factor ? How many kinds of factors are there ? How 
many factors are there in Zahc ? 

9. How is the sign of division read ? When written between two quan- 
tities, what does it indicate ? How many ways are there . of indicating 
diTision ? 
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There are three signs used to denote division. Thus, 
a -r- b denotes that a is to be divided by b. 

-T denotes that a is to be divided by b, 

a I b denotes that a is to be divided by b. 

10. The Sign op Equality, =, is read, equal to. When 
written between two quantities, it indicates that they are 
equal to each other. Thus, the expression, a + 5 = c, in- 
dicates that the sum of a and b is equal to c. If a stands 
for 3, and b for 5, c will be equal to 8. 

11. The Sign op Inequality, > <, is read, greater 
than^ or less than. When placed between *two quantities, 
it indicates that they are unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
a > 5, indicates that a is greater than b ; and the expres- 
sion, c < c?, indicates that c is less than d, 

12. The sign . • . means, therefore^ or consequently, 

18« A CoEFPiciENT is a number written before a quan- 
tity, to show how many times it is taken. Thus, 

a-^-a-^-a-^-a-^-a = 5a, 

in which 5 is the coefficient of a, 

A coefficient may be denoted either by a number^ or a 
letter. Thus, hx indicates that x is taken 5 times, and ojx 

10. What is the sign of equality ? When placed between two quanti- 
ties, what does it indicate ? 

11. How is the sign of inequality read? Which quantity is placed on 
the side of the opening ? 

12. What does . ' . indicate? 

18. What is a coefficient? How many times is a taken in 5a. By 
what may a coefficient be denoted ? If no coefficient is written, what 
coefficient is understood? In hasty how m^ny times is <tx tak6n? How 
many times is x taken ? 
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indicates that x is taken a times. If no coefficient is writ- 
ten, the coefficient 1 is underistood. Thus, a is the same 
as la. 

14. An Exponent is a number written at the right and 
above a quantity, to indicate how many times it is taken as 
a factor. Thus, 

a X a is written a^, 

a X a X a " a\ 

a X a X a X a " a^ 

in which 2, 3, and 4, are exponents. The expressions are 
read, a square, a cube or a third, a fourth ; and if we have 
a*", in which a entiers m times as a factor, it is read, a to 
the mth, or simply a, mth. The exponent 1 is generally 
omitted. Thus, a} is the same as a, each denoting that a 
enters but once as a factor. 

15« A Power is a product which arises from the multi- 
plication of equal factors. Thus, 

a X « = «^ is the square, or second power of a. 
a X a X a =: a^ is the cube, or third power of a. 
axaxaxa = a* is the fourth power of a, 
a X a X . . , . = a^ is.the mth power of a. 

16. A Root of a quantity is one of the equal iactors. 

The radical sign, ^ , when placed over a quantity, indi- 
cates that a root of that quantity is to be extracted. The 
root is indicated by ^ number written over the radical sign, 

14. What is an exponent? In a^, how many times is a taken as a fac- 
tor? "When no exponent is written, what is understood? 

16. What is a power of a quantity? What is the third power of 2? 
Of 4? Of 6? 

16. \Miat is the root of a quantity? What indicates a root? What 
indicates the kind of root ? Whnt is the index of the square root?* Of 
thfe fttibc irbbt ? Of the mth root ? 
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called an index. When the index is 2, it is generally omit- 
ted. Thus, 

^o, or y^ indicates the square root of a. 
j^/a indicates the cube root of a. 
^/a indicates the fourth power of a, 
ij/a indicates the mth root of a, 

17. An Algebraic Expression is a quantity written in 
algebraic language. Thus, 

„ j is the algebraic expression of three times 

( the number denoted by a ; 
g 2 i is *^® algebraic expression of five times 
( the square of a ; 
is the algebraic expression of seven times 
7a'^^-{ the the cube of a multiplied by the 
square of b ; 
is the algebraic expression of the differ- 
Sa •— 5b^ ence between three timeg a and five 
times b ; 

is the algebraic expression of twice the 
9 2 Q A Ah2 J square of a, diminished by three times 

the product of a by b, augmented by 
four times the square of b. 

18. A Term is an algebraic expression of a single quan- 
tity. Thus, 3a, 2aby — 5a^b^, are terms. 

19. The Degree of a term is the number of its literal 
fiictors. Thus, 



r 



o J is a term of the first degree, because it contains but 
one literal factor. 



17. What is an algebraic expression 

18. What is a term? 

19. Wfaiit is the degree of a term ? What determines the degree of a term f 



DEFIKITION OF TERMS. 39 

g jj is of the second degree, because it contains two lite- 
( ral factors. 

r is of the fourth degree, because it contains four literal 
la^b < factors. The degree of a term is determined by 
( the sum of the exponents of all its letters. 

20. A Monomial is a single term, unconnected with any 
other by the signs -j- or — ; thus, Sa^, 35^a, are monomials. 

21. A Polynomial is a collection of terms connected 
by the signs + or — ; as, 

' 3a — 5, or, 2a^ — 3i + 4bK 

22. A BmoMiAL is a polynomial of two terms ; as, 

a + bj Sa^ — c\ Qab — c^. 

23. A Trinomial is a polynomial of three terms ; as, 

abc — a^ + c\ ab — gh ^ f. 

24. Homogeneous Terms are those which contain the 
same number of literal factors. Thus, the terms, abc^ — a\ 
+ c^, are homogeneous ; as are the terms, ab^ — gh, 

25« A PoLYNO^QAL IS HOMOGENEOUS, when all its terms 
are homogeneous. Thus, the polynomial, abc — a^ •\- c^^ is 
homogeneous ; but the polynomial, ab — gh — f \& not ho- 
mogeneous. 

26. Similar Terms are those which contain the same 
literal factors affected with the same exponents. Thus, 

Icib -f ^ab — 2ab, 

20. What is a monomial ? 

21. What is a polynomial? 

22. What is a binomial? 

23. What is a trinomial ? 

24. What are homogeneous terms ? 

25. When is a polynomial homogeneous ? 

26. What are ■imilar terms? 
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are similar terms ; and so also are, 

but the terms of the first polynomial and of the last, are not 
similar. 

27. The Vinculum, , the Bar \ , the Paren- 
thesis^ ( ) , and the Brackets^ [ ] , are each used to con- 
nect several quantities, which are to be operated upon in the 
same manner. Thus, each of the expressions. 



a 



X 

(a + 5 -f c) X as. 



a + 6 i- c X x^ 4-ft 

+ c 

and [a + b -{■ c] x Xy 

indicates, that the sum of a, 5, and c, is to be multiplied 
by X. 

28. The. Reciprocal of a quantity is 1, divided by that 
quantity; thus. 



a' a + b' d' 
are the reciprocals of 

a, a -f 0, -• 

c 

29. The Numerical Value of an algebraic expression, 
is the result obtained by assigning a numerical value to each 
letter, and then perforaiing the operations indicated. Thus, 
the numerical value of the expression, 

ab -\' be ■\- dy 

when, a = 1, 5 = 2, c = 3, and c? = 4, is 

1 X.2 + 2 X 3 + 4 = 12; 

by performing the indicated operations. 

27. For what is the vinrular used ? Point out the other ways in which 
this may be done ? 

28. What is the reciprocal of a quantity ? 

29. What is the nnmorical value of an algebraical expqresaon? 
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E XA MPLES IN WBITING ALGEBRAIC EXPRESSIONS, 

1. Write a added to h. Ans. a + b. 

2. Write b subtracted from a. Ans, a — b. 

Write the following : 

3. Six times the square of a, minus twice the square of b. 

4. Six times a multiplied by 5, diminished by 5 times c 
cube multiplied by d. 

5. Nine times a, multiplied by c plus d, diminished by 

8 times b multiplied by d cube. 

6. Five times a minus 5, plus 6 'times a cube into b 
cube. 

I. Eight times a cube into d fourth, into c fourth, plus 

9 times c cube into d fifth, minus 6 times a into 5, into c 
square. 

8. Fourteen times a plus 5, multiplied by a minus 5, 
plus 5 times a, into c plus d. 

9. Six times a, into c plus c?, minus 5 times 5, into a plus 
0, minus 4 times a cube b square. 

10. Write a, multiplied by c plus <7, plus /.minus g. 

II. Write a divided by b -\- c. Three ways. 

12. Write a — b divided hy a + b, 

13. Write a polynomial of three terms; of four terms; of 
five, of six. 

14. Write a homogeneous binomial of the first degree; of 
the second ; of the third ; 4th ; 5th ; 6th. 

15. Write a homogeneous trinomial of the first degree; 
with its second and third terms negative; of the second 
degree; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-board, 
a monomial, a binomial, a trinomial, a polynomial of four 
terms, of five terms, of six terms and of seven terms, and all 
of the same degree. 
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INTERPRETATION OF ALGEBRAIC LANGUAGE. 

Find the numerial values of the following expressions, 

when, 

a = 1, 5 = 2, c = 3, d ^ 4. 

1. ab -\- be, Ans, 8. 

2. a 4- be + d, Ans, 11. 

3. ac? + ft — c. Ans, 3. 

4. ab -\- be -^ d, Ans, 4. 

5. (a + b) c^ — d. Am, 23. 

6. (a + b) {d — b.) Ans. 6. 

7. (a& + acZ) c + cf . Ans, 22. 

8. (aft + c) (ad — a), Ans, 15, 

9. ^aW — 2(a + c? + 1). Ans, 0. 

10. ^ ^ ^ X (a + <?) Ans. 10. 

, " a2 -h ft2 + C^ a3 + J3 4. ^3 -. e? . 

11. ^r X • Ans, 32. 

n 2 

, ^ aft* — c — a^ 4a2 — ft -|- c?"* . 

12. ^ X — Ans. 4. 

Find the numerical values of the following expressions, 

when, 

a = 4, ft = 3, c = 2, and c? = 1. 

aft, M 

13. - — - + c — a. ^W5. 2. 

2 o 

, , ^/aft a — d\ . 

14. Sfy —y Ans. 16. 

15. [(a^ft + \)d\ -r (a^ft + d). Ans. 1. 

16. 4f aftc - x) X (30c3 — aft^c^). ^n^. 11088. 

.H « 4- ft -h c . aftcdf 4a^+ b^— d^ 

a — ft + a oft ftc + ft ^ 

, . 15(a+€?4-ft) a— c , 3 ... , _. . .^^^^ 

18. — ^-;-, h -T-y X a^ftV^^ ^m.-3465. 

3c2 2 afta 
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CHAPTER n. 

FUNDAMENTAL OPEBATIONS. 
ADDITION. 

80« Addition is the operation of finding the simplest 
equivalent expression for the aggregate of two or more 
algebraic quantities. Such expression is called their Sum. 

When the terms are similar and have like signs. 

+ a 

31. 1. What is the sum of a, 2a, 3a, and 4a? -f 2a 

Take the sum of the coefficients, and annex the _j- 3^ 

literal parts. The first term, a, has a coefficient, _j. 4^ 

1, understood (Art. 13). 



2. What is the sum of 2a^, 3a^, 6a^, and ah. 
When no sign is writtten, the sign + is under- 
stood (Art 5). 



+ 10a 

2ab 

Sab 

tab 

ab 



Add the following : 

(3.) (4.) 

a 8ab 

• a lab 



12ab 



+ 2a 



Ibab 



(5.) 

lac 
5ac 

12ac 



(6.) 

+ 4abc 
Sabc 



4- ^abo 



80. What is addition ? 

81. What is the rule for addition when the terms arc similar and have 
like si^i^s ? 
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(^•) (8.) (9.) (10.) 

— Sabc — Sad — 2adf — 9abd 

— 2abc — 2ad — 6adf — 15abd 

— 5abc —bad — 8a^ — 24aW 
Hence, when the terms are similar and have like signs : 

RULE. 

Add the coefficients^ and to their sum prefix the common 
sign / to this^ annex the common literal part, 

EXAMPLES. 

(11.) (12.) • (13.) 

9ab + ax Sac^ — 3b^ ISab^c^ — 12a5c» 

Sab + 3005 lac^ — Sb^ 12ab^c*' — 15ab<^ 

12ab 4- ^ax Sac^ — db^ ab^c* ~ abc^ 

When the terms are similar and have unlike sign^. 

32. The signs, + and — , stand in direct opposition to 
each other. 

If a merchant writes + before his gains and — before his 
losses, at the end of the year the sum of the pkis numbers 
will denote the gains, and the sum of the minus numbers 
the losses. If the gains exceed the losses, the difference^ 
which is called the algebraic sum, will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained $1500 in the first quarter 
of the year, $4000 ipflie second quarter, but lost $3000 in 
the third quarter, and^^OO in the fourth : what was the re- 
sidt of the year's business? 

1st quarter, + 1500 \ / 3d quarter, — 3000 



y 



2d " 3 000 V 4th « — 800 

4- 4500 — 3800 

4- 4500 — 3800 = 4- "^OO, or $700 gain. 

82. What is the rule when the terms are similar and have unlike signs? 
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2. A merchant in trade gained $1000 in the first quarter, 
and $2000 the second quarter ;"ln the third quarter he lost 
$1500, and in the fourth quarter $1800 : what was the result 
of the year's business ? 

1st quarter, + 1000 3d quarter — 1500 

2d " '+ 2000 4th " — 1800 

4- 3000 — 3300 

+ 3000 — 3300 = — 300, or $300 loss. 

3. A merchant in the first half-year gained a dollars and 
lost h dollars ; in the second half-year he lost a dollars and 
gained h dollars : what is the result of the year's business ? 

1st half-year, 4-a —5 

2d " - a + h 

Result, 

Hence, the algebraic sum of a positive and negative quan- 
tity is their arithmetical difference^ with the sign of tlie 
greater prefixed. Add the following : ^ 

^ Sab ^4acb^ — ia^b^c^ 

Sab • — Sacb^ -\- ^aWc^ 

— ^ab acW — laWc^ 

hab — Zacb'^ 

Hence, when the terms are similar and have unlike signs : 

I. Write the similar terms in the same column : 
n. Add the coefficients of the additive terms^ and also 

the coeffifdents of the subtractive terms : 
HI. Take the difference of these sums^ prefix the sign 

of the greater J and then annex the literal part, 

EXAMPLES. 

l.What is the sum of 

2a2J3 - 5a^b^ +1a^b^ + Qa^b^ — UaW? 
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Having written the similar terms in the same 
colunm, we find the smn of the positire coeffi- 
cients to be 15, and the sum of the negative 
coefficients to be — 16 : their difference is — 1 ; 
hence, the sum is — a^ft^. 



- 5a2^ 

+ 6a253 

- lla^^3 



2. What is the sum of 

Za^h + ha^h — Sa^J + ^a^l — 6a^b — a^b? Ans. 2a^b. 

3. What is the sum of 

I2a^bc^-'4a^c^+ Qa^bc^— Sa^c^+ Ua^c^? Ans. lla^bc^. 

4. What is the sum of 

Aa^b — 8a^5 — ^a^b + Ha^^? Am. — la^b. 

5. What is the sum of 

nab(? — abc^ — nabc^ + SaJc^ + ^oM'i Ans. lSabc\ 

6. What is the sum of 

9cb^- 6c53— 8ac2+ 20cP-{- 9ac^ — 2icb^? Ans. + ac^. 

To add any Algebraic Quantities. 

33. 1. What is the sum of 3a, 55, and — 2c? 
Write the quantities, thus, 

3a + 65 — 2c; 

which denotes their sum, as there are no similar terms. 

2. Let it be required to find the sum of the quantities, 

2a^ - 4tab 
3a* - Sab + b^ - 
2ab — 55* 

5a2 — 5a5 - 45* 



88. What 18 the rule for the addkion of any algebraic quantities? 
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From the precediog examples, we hare, for the addition 
of algebraic quantities, the following 

BULB. 

I. Write the quantities to be added^ placi7ig similar terms 
in the sam^ column, and giving to each its proper sign : 

n. Add up each column sepo/rately and then annex the 
dissimilar terms with their proper ^igns. 

EXAMPLES. 

1. Add together the polynomials, 
3a2 — 252 - 4aJ, ba^ - V^ + lab, and 3a5 - Sc^ — 2ja 



The tei-m Z<j^ being similar to 
5a-, we write 8a^ for the result 
of the reduction of these two < 
terms, at the same time slightly 
crossing them, as in the first term. 



3^2 _ 4^j _ <^^ 

4- 3^ — 2p — 3^ 



Passing then to the term — \ab, which is similar to 
4- 2a5 and + Zab, the three reduce to + ab, which is 
placed after Sa^, and the terms crossed like the first term. 
Passing then to the terms involving b"^, we find their sum 
to be — 5^2^ after which we write — 30^. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(2.) (3.) (4.) 

*labc + %ax %ax -[35 12a — 6c 

— Zabc — 3aaj hax — 95 — 3a — 9c 

4a6c 4- 6aa; 13aa5 — tb 9a -— 16c 

Note. — ^If a = 5, 5 = 4, c = 2, jc = 1, what are the 
numerical values of the several sums above found ? 
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(5.) 


(6.) (7.) 


9a +/ 


6aa5 — 8ac 3a/ + ^ + m 


Oa + g ' 


— 7aaj — 9ac ag — Saf — m 


1a-f 


ax + I7ac a5 — ag -{- Sg 


(8.) 


(9.) 


7a! + 3a5 + 3c Sa;^ + ^acx + ISa^JV 


- 3a; — Soft • 


- 5q — YiB^ — Uacx + Ua^b^c^ 


5a; — 9aft • 


-9c — 4aj2 + 4a€x — 20a^b^c^ 



' (10.) (11.) 

22A — 3c — 7/ + 3^ 19aA2 4. sa*b^ — SaaJ^ 

— 3A + 8c — 2/ — 9^ + 5a5 — llah'^ - 9a35* + 9asi^ 

(12.) (13.) 

YiB — 9y + 52 + 3 — <7 8a + 6 

— a; — 3y — 8 — .</ 2a — 5 -j- c 

— a; + y — 33 + 1 +~ 7^ — 3a 4- ^ + 2d 

— 2aj + 6y 4- 33 — 1 — /7 — 6ft — 3c + 3df 

14. Add together — ft + 3c — <Z — 115c + 6/ — 5^, 3ft 

— 2c — 3 J — c + 27/, 5c — 8^ 4- 3/ — 1g, — 7ft — 6c 

+ 17c? -h 9c - 5/4- 11<7, - 3ft - 5c7 — 2c 4- 6/- 9^ 4- A. 

Ans, — 8ft — 109c 4- 37/ — lOg + h. 

15. Add together the polynomials 7a2ft — 3aftc — 8ft^c 

— 9c3 4- cd\ Sabc — ba^b -h 3c3 — 4ft2c 4- cd\ and 4a^b 

— 8c3 4- 9ft2c — 3cP. 

An8, ea^b 4- ^abc — 3ft2c — 14c3 4- 2cd^ — Sd\ 

16. What IS the sum of, 5a^ftc 4- 6fta5 — 4af, — 3a*ftc 

— 6fta;4-14a/, - a/4- 9fta; 4- 2a2ftc, 4- 6a/— 8fta5 4- ea^ftc? 

Ans. lOa^ftc 4- ftaJ 4- 15a/. 

17. What is the sum of ahi^ 4- 3a^m 4- ft, — 6a^n^ 

— 6a^m - ft, 4- 9ft - 9a3m - 5ahi^ ? 

Ans, — lOa^w^ — 12a^m + 9ft. 
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18. What is the sum of ia^b'^c — I6a*x — 9aa^dj 
+ Qa^b'^c - Oaa^d + 11a% -f IQaaPd — a*x — 9a^b^c? 

Ans. aWc + ao^d, 

19. What is the sum of — 7<7 + 36 + 4^ — 25 + 3^ 

— 35 + 25? Ans, 0. 

20. What is the sum o^ a5 + Zxy — m — ft^ — 6ajy 

— 3m + 11/^ + ccf^ + Zxy -f 4m — lO/i +/</? 

21. What is the sum of 4a;y 4- ?i + Boa; + 9am, — 6ay 
+ 6w — 6aa; -— 8am, 2ajy — 7n + aa; — am ? -4ns. + aa^ 



(22.) 


(23.) 


(24.) 


2(a + &) 


6(o* - c«) 


9(c5 - a/3) 


3(o + *) 


- 4(a» - e) 


7(c3 - a/3) 


2(a. + ft) 


- I(a2 - c2) 


— 10(c3 - a/3) 



7(a + 5) 6(c3 - a/3) 

Note. The quantity Tvithin the parenthesis must be 
regarded as a single quantity. 

25. Add 3a(^» — W) - 2a(^2 _ ^2) 4. 4^(^2 _ ^^2) 
+ ^a{g^ — A^) — 2a(^2 _ ^2), ^^^ lla(^2 _ ^2)^ 

26. Add 3c(a2c - 5^) — 9c(a2c - 5^) ~ nc{aH — 5^) 
+ \hc{aH — 52) + c(a2c — b^\ Ans. Sc{a^c - b^). 

34. In algebra, the term add does not always, as in 
arithmetic, convey the idea of augmentation ; nor the term 
sum^ the idea of a number numerically greater than any of 
the numbers added. For, if to a we add — 5, we have, 
a — 5, which is, arithmetically speaking, a difference be- 
tween the number of units expressed by a, and the number 

84. Do the words add and «um, in Algebra, convey the same ideas as 
in Arithmetic. What is the algebraic sum of 9 and — 4 ? Of 8 and 
~ 2 f May an algebraic sum be negative ? What is the sum of 6 and 
— lot How are such sums distinguished from arithmetical sums? 
3 



{ 
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of units expressed by h. Consequently, this result is nu- 
merically less than a. To distinguish this sum frcun an 
arithmetical sum, it is called the algebraic sum. 



SUBTEACnON. 

35. SuBTRAcnox is the operation of finding the differ- 
ence between two algebraic quantities. 

36. The quantity to be subtracted is called the Subtree- 
hend /and the quantity from which it is taken, is called the 
Mimiend, 

The difference of two quantities, is such a quantity as 
added to the subtrahend will give a sum equal to the min- 
uend. 

EXAMPLES. 



1. From l*Ja take 6a. 

In this example, lYa is the minuend, and 6a 
the subtrahend: the difference is 11a; becausej 
11a, added to 6a, gives 17a. 



OPXBATfOir. 

17a 
6a 

11a 



The difference may be expressed by writing the quantities 

thus: 

17a — 6a = 11a; 

in which the sign of the subtrahend is changed from -f* 
to — . 



2. From 15a; take — dx. 

The difference, or remainder, is such a quantity, 
as being added to the subtrahend, — 9a, vnH 
give the minuend, 15a;. That quantity is 24a;, 
and may be found by simply changing the sign 



OWBJlTIQUK, 

15a; 
-- 9a 

24a; 





OPSBATIOir. 






lOax 












+ 


a 


-h 


Rem. 


lOax 


— 


a 


^-h 


add 




+ 


a 


- h 
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of the subtrahend, and adding. Whence, we may write, 

15a; — (_ 9iB) = 24a;. 

3. From lOaoj take a — h. 

The difference^ or remainder^ is such a quantity, as added 
to a — J, will give the minuend, lOaa: what is that quan- 
tity? 

If you change the signs of both 
terms of the minuend, and add, you 
have, lOoa; — a + ft. Is this the 
true remainder? Certainly. For, 
if you add to the subtrahend, a — ft, 
you obtain the minuend, 10 aar. 

It is plain, that if you change the signs of all the terms 
of the subtrahend, and then add them to the minuend, and 
to this result add the given subtrahend, the last sum can be 
no other than the given minuend ; hence, the first result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we have 
the following 

RULE. 

L Write the terms of the subtrahend under those of the 
minuendy placing similar terms in the same column : 

n. Conceive the signs of all the terms of the subtrahend 
to be changed from -\- to —^ or from — <o +, and then 
proceed as in Addition. 



lOax 





EXAMPLES 


OP 


MONOMIALS. 






(1.) 




(2.) 


(3.) 


From 


3aft 


^ 


^ax 


9aftc 


take 


^ 2ab 




^ax 


7aftc 


Rem. 


ab 




Zax 


labc 
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From 
take 

Rem. 



From 
take 

Rem. 

10. From 

11. From 

12. From 

13. From 

14. From 

15. From 

16. From 

17. From 

18. From 

19. From 

20. From 

21. From 

22. From 

23. From 

24. From 

25. From 

26. From 

27. From 

28. From 

29. From 



(4.) 

Sax 
8c 



(6.) 
1 laWc 

(8.) 

4abx 
9ac 



(6.) 

24aWx 

lla^b^x 

(9.) 

2am 
ax 



Sax — 8c 4abx — 9ac 2am — ax 



9a2J2 take Sa'^b\ 
l^a^xy take — Iba^xy, 
12aV take 8ay. 
\9a^x^y take — 18a*ic^y. 
Sa'^¥ take Sa^b"^. 
1a'^¥ take 6a*Z>2. 
3a52 take a'^b^. 
x^y take y'^x, 
Sx^y^ take ccy. 
8a^2/3a; take xyz, 
9aW- take — Sa'^b'^. 
Ua^y^ take — 20a V- 

— 24a*b^ take 16a*5*. 

— 13ajV take — 14ajV. 

— 4i1a^x^y take — ha^x^y, 

— 94a2aj2 take Sa^'X^. 



Ans. ^aW. 

Alls, Sla^xy, 

Ans, A^a^y^. 

Ans, Sla^a^y, 

Ans, Sa'^b^ — Sa^\ 

Ans, la^b^ — Qa*b\ 

Ans. Sab^ — a^^. 

Ans, x^y — y^x, 

Ans. Sx^y^ — xy. 

Ans, ^a^y^^x — xyz. 

Ans, I2ix^b\ 

Ans, S4a^y\ 

Ans. — 40a*5*. 

Ans. x^y*, 

Ans. — ■ 42a^x^y, 

A91S. — 97a^x\ 



a + x^ take — y^. Aiis. a + x^. + y^. 

a^ + b^ take — a^ — b^, Ans 2a^ + 2P. 
— IQa^x^y take — 19a^x^y. Ans. + Sa^a^y. 
a* — a;2 take a^ + a^, Ans. — 2a*. 
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GENERAL EXAMPLES. 



(1.) flj (I-) 

From 6ac — 5ab+ c^ ^^Z 0ac — 5ab+ c* 

take 3ac + Sab + 7c S P — Bac — 3ab — 1c 

J*« 

Rem. Sac - Sab -h c^ — 'ic^itt Sac- Sab + c^ — 1c. 

(2.) ^ (3.) 

From 6aa5 — a -\- Sb^ Qi/x — Sa^ + 5b 

take 9aa; — x+b'^ yx — S+a 



Rem. — SoKB — a + JB 4- 25^^ 6ya; — 3a;2 + 3 -f- 65 — a. 

(4.) (6.) 

From 5a3 — 4a25+ 35^^ 4a& — ce^+Sa^ 

take — 2a3 + Sa'^b — 85^c 5a5 - 4:cd + Sa^ + 552 

Rem. Va3 — Ya^i 4- WbH. — a5 + 3c<? — bb\ 

6. From a + 8 take c — b. Ana. a — c + 13. 

7. From 6a^ — 16 take Oa^ + 30. Arts. — Sa^ — 46. > 

8. From Qxy — 8aV take — Vajy — a^c^, 

Ans. ISxi/ — 7aV. 

9. From a + c take — a — o. -4w«. 2a 4- 2c. 

10. From 4(a + ft) take 2(a + ft). J^/w. 2(a + ft). 

11. From 3(a + aj) take (a + x). Ans. 2{a + x). 

12. From 9{a^ — x^) take — 2(a2 _ a^). 

^n5. Il(a2 — jb2). 

13. From 6a^ — 16ft2 take — Sa^ 4- 9ft2. 

^n5. 9a2 — 24ft2. 

14. From 3a*» — 2ft* take a"» — 2ft». A^is. 2a"*. 

15. From 9c^m^ — 4 take 4 — ^c^m^. J^n^. lOc^m^ — 8. 

16. From Qam + y take 3am — x. Ans. Sam 4- « 4- y. 

17. From 3aa5 take 3aa5 — y. Ans. 4- y. 
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18. From — If -\- Sm — Sx take — 6/ — 5m — 2a; + 
Sd + 8. Ans. — / + 8m — 6a5 — 3c? — 8. 

19. From — a — 65 + 7c + <? take 4b — c + 2d + 2k. 

Ans. — a — 9b + Sc — d — 2k, 

20. From ^ Sa •{- b — Sc -h 1e — Bf+ dh -^ 1x — 13y 
take k + 2a — dc + Se — 1x + If — 1/ — 31 -- k. 

Ans. — 5a + ft + c — e — 12/ + 3A — 12y + Si 

21. From 2a; — 4a — 2ft + 5 take 8 — 5ft + a + 6a;. 

Ans. — 4a; — 5a + 3ft — 3. 

22. From 3a + ft + c — c?— 10 take c + 2a — d. 

Ans. a + ft — 10. 

23. From 3a + ft + c--c?— 10 take ft — 19 + 3a. 

Ans. c — d + 9. 

24. From a^ + 3ft2c + ab^ — abc take ft^ + ab^ - abc. 

Ans. a3 + 3ft2c — 6^1 

25 From 12a; + 6a — 4ft -|- 40 take 4ft — 3a + 4a; + 
6d — 10. Ans. 8a; + 9a — 8ft — 6e? + 50. 

26. From 2a; — 3a + 4ft + 6c — 50 take 9a -f- a; + 6ft 

— 6c — 40. Ans. x — 12a — 2ft -|- 12c — 10. 

27. From 6a — 4ft — 12c + 12a; take 2a; — 8a + 4ft 

— 6c. Ans. 14a — 8ft — 6c + 10a;. 

38. In Algebra, the term difference does not always, as 
in Arithmetic, denote a nmnber less than the minuend. For, 
if from a we subtract — ft, the remainder will be a + 6 ; 
and this is numerically greater than a. We distinguish 
between the two cases by calling this result the algd^aiQ 
difference. 

»— — ' ■ 111! I »1»^»»». 

88. In Algebra, as in Arithmetic, does the term difference denote a 
number less than the minuend ? How are the results in the two cases, 
distinguished from each other ? 
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39« When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuend. 
Thus, the expression, 

indicates that the polynomial, 3a^ — 2^^ + 25c, is to be 
taken from Ba^. Performing the operations indicated, by 
the rule for subtraction, we have the equivalent expression : 

The last expression may be changed to the fonner, by 
changing the signs of the last three terms, inclosing them in 
a parenthesis, and prefixing the sign — . Tims, 

6a' - Zah + 2.1)^ — 2hc = Ga^ - (3a5 - 25^ + 2hc). 

In like manner any pol}Tiomial may be transformed, as in- 
ilicated below : 

8a3 — 752 + c — J = 8a3 — {*jp ^ c + d) 

= 8«^ - 7^>2 __ (__ c + d). 

9J3 — a 4. 3a2 - c? = 9^3 — (a — Sa^ + d) 

=z 9P — a - {- 3a2 4. d). 

'Note. — ^The sign of every quantity is changed when it is 
placed within a parenthesis, and also when it is brought out. 

40. From the preceding principles, we have, 

a — (+ b) z=z a — b; and 
a — {— b) = a + b. 

89. How is tbc subtraction of a polynomial indicated ? How is this 
indicated operation performed ? How may the result be again put under 
the first form ? What is the general rule in regard to the parenthesis ? 

40. What is the sign which immediately precedes a quantity called? 
What is the sign which precedes the parenthesis called? What is the 
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The sign immediately preceding h is called the sign of the 
quantity; the sign preceding the parenthesis is called the 
sign of operation ;' and the sign resulting from the combin- 
ation of the signs, is called the essential sign. 

When the sign of operation is different from the sign of 
the quantity, the essential sign will be — ; when the sign of 
operation is the same as the sign of the quantity, the essen- 
tial sign Avill be +• 



l^rULTIPLICATION. 

•41« 1. If a man earns a dollars in 1 day, how much will 
he earn in 6 days? 

Analysis. — In 6 days he will earn six times as much as in 
1 day. If he earns a dollars in 1 day, in 6 days he will earn 
6a dollars. 

2. If one hat costs d dollars, w^hat will 9 hats cost ? 

Ans, 9d dollars. 

8. If 1 yard of cloth costs c dollars, what will 10 yards 

cost ? Ans, 1 Oc dollars. 

4. If 1 cravat costs b cents, what wdll 40 cost ? 

Ans, 40b cents. 

5. If 1 pair of gloves costs b cents, what will a pairs 
cost? 

Analysis. — ^If 1 pair of gloves cost b cents, a pairs will 
cost as many times b cents as there are units in a : that is, 
b taken a times, or ab ; which denotes the product of b 
by a, or of a by b. 

resulting sign called ? When the sign of operation is different from the 
sign of the quantity, what is the essential sign ? When the sign of ope« 
ration is the same as the sign of the quantity, what is tlu^ essential sign ? 
41. What is Multiplication? What is the quantity to be multiplied 
called? What is that called by which it is multiplied? What is tho 
result called? 
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Multiplication is the operation of finding the product 
of txco quantities. 

The quantity to be multiplied is called the Multiplicand ; 
that by which it is multiplied is called the Multiplier ; and 
the result is called the Product, The Multiplier and Multi- 
plicand are called Factoi's of the Product. 

6. If a man's income is 3a dollars a week, how much will 
he receive in 4i weeks ? 

3a X 45 = \2ah. 

If we suppose a = 4 dollars, and 5 = 3 weeks, the pro- 
duct will be 144 dollars. 

KoTE. — ^It is proved in Aiithmetic (Davies' School, Art. 48. 
University, Art. 50), that the product is not altered by chang- 
ing the arrangement of the factors ; that is, 

12a5 = ax5xl2 = 5xaxl2 = axl2x5. 

MULTIPLICATION OF POSITIVE MONOMIALS. 

42. Multiply Za^h^ by 2a^5. We write, 

Za^h^ X 2a^h = 3 x 2 x a^ X a^ X b^ X b 

=z 3 X 2aaaabbb; 

in which a is a factor 4 times, and b a factor 3 times ; 
hence (Art. 14), 

da^b^ X 2a^b = 3 x 2a^b^ = 6a*b\ 

in which we midtiply the coefficients together^ and add the 
exponents of the like letters. 

The product of any two positive monomials may be found 
in like manner ; hence the 

RULE. 

I. Multiply the coefficients together for a new coefficient : 
TL Write after this coefficient all the letters in both mono- 

i^ What is tbo ralo fot multiplying one monomial by anothor ? 
3* 
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mials^ giving to each letter a?i expone7it equal to the sum of 
its exponents in the two factors, 

EXAMPLES. 

1. ^a^hc^ X labcP' = b(SaWc'^d^. 

2. 2\aWcd X Sabc^ = USa^b^c^d. 
3 4abc X Idf = 28abcdf 

(4.) ^ (5.) (6.) 

Multiply Bd^b 12d^x Qxyz 

by 2a^b \2x^y ayH 



Qa^b^ 144«2aj3y %axy^z^ 

(7.) (8.) (9.) 

a^xy Sab^c^ Slax^g 

2xy^ 9d^Pc 32>3xV 



2a2a;2y3 2la^^c*' 261 ab^x^y* 

10. Multiply 6a^^x^ by 6c^x^. Ans. SOa^^c^x^, 

11. Multiply lOa^b^c^ by lacd. Ans. lOa^b^c^d. 

12. Multiply 36aWc6c?5 by 20ab^c^d\ Ans. I20a^^c^d^. 

13. Multiply Sa*" by Sab\ Ans. ISa'^+i^". 

14. Multiply Sa'^b^ by 6a2^«. ^ns. 18a«»+2jn+3, 

15. Multiply ea'"^* by 9a^b\ Ans. 54a«+«^«+'. 

16. Multiply 6a'"&« by 2a^5?. -4w«. 10a"*+^^"+^. 

17. Multiply 6a«5V by 2aJ«c. Ans. lOo^+^^^+V. 

18. Multiply Ga^^^c" by Za^^c\ Ans. 18a«5«»+2^*+2. 

19. Multiply 20a^b^cd by 12a^x^y. Ans. 240a''b^cdx^y. 

20. Multiply 14a*J6^4y |jy 20a^c^a?y. A. 2S0aWc'^d*x^yK 

21. Multiply Qa^b^y^ by la^bocyK Ans. BQa'^b^xyK 

22. Multiply 15axyz by Sa^bcdx^y^. Ans. Slda^bcdx^y^z, 
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23. Multiply ^A^d^m^Qc^yz by 8aJV. -4. 512a*5VmVy2. 

24. Multiply ^aWed^ by 12a=^5*c«. ^^5. lOSa^^Vc^^ 

25. Multiply 2\^alP<^d^ by 3a3^,2^5^ ^^^^ 648a*5Vd:^ 

26. Multiply lOa^U'c^dYx by 12a"'^Vc?ajV. 

-4^5. 840ai55iVJ3/ic3y3, 



a — 


h 






c 








ac - 


-be 




8 - 


3 


— 


5 


1 . 


• 


• 


Y 


66 — 


21 


— 


35 



MULTIPLICATION OP POLYNOMIALS. 

43. 1. Multiply a — 5 by c. 

It is required to take the difference 
between a and 5, c times; or, to 
take c^ a — h times. 

As we can not subtract b from c, 
we begin by taking a, c times, which 
is ac ; but this product is too large 
by c taken b times, which is be ; 
hence, the true product is ac — be. 

If a, 5, and c, denote numbers, as a = 8, 5 = 3, and 
c = 7, the operation may be wiitten in figures. 

Multiply a — J by c — d. 

It is required to take a — 5 as 
many times as there are units in 
c — d. 

If we take a — ft, c times, we 
have ac '- be\ but this product is 
too large by a — ft taken d times. 
But a — ft taken <^ times, is ad—db. 
Subtracting this product from the 
preceding, by changing the signs of 
its terms (Art. 3V), and we have, 



a - 


-ft 




c - 


-d 




ac- 


-be 






- ad + bd 




ac- 


- be — ad + bd 


8 


— 3 = 


6 


1 


— 2 = 


5 


60 


— 21 

— 16 + 6 




66 


-37 + 6 = 


25. 



(o — ft) X (a — c) = ab — be — ad + bd* 
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Hence, we have the following 

RULE FOR THE SIGNS. 

I. When the factors have like signs^ the sign of their 
product will be + : 

n. When tlve factors have unlike signs^ the sign of their 
product wiU be — : 

Therefore, we say in Algebraic language, that + multi- 
plied by + , or — multiplied by — , gives + ; — multi- 
plied by +, or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials, we have the 
following 

RULE. 

Multiply every term of the multiplicand by each term of 
the multiplier^ observing that like signs give +, and unlike 
signs — / tJien reduce t/ie result to its simplest form. 

EXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 

1. Multiply .... 3a2 + 4a5 + b^ 
by 2a -f 5b 

6a^+ Sa'^b+ 2ab^ 
The product, after reducing, -}- 15a^b-{' 20ab'^ -}- 5b^ 

becomes .... 6a^ + 23a'^b-\- 22ab^ + 5b\ 

44* Note. — ^It will be found convenient to arrange the 
terms of the polynomials with reference to some letter ; that 
is, to write them down, so that the highest power of that 
letter shall enter the first term ; the next highest, the 
second term, and so on to the last term. 

44. How are the terms of a polynomial arranged with reference to a 
particular letter ? What is this letter called ? If the leading letter in the 
multiplicand and moltijdier is the 8ame/whi<^ will be the leading IvttOT 
inthei^rddnet? 
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The letter Avith reference to which the arrangement ia 
made, ia called the leading letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the same as that of the factors. 

2. Multiply x^ -H 2ax -}- a^ by x -\- a. 

Ans. x^ + 3aa52 + ^a^x + a^. 

3. Multiply ^ + y^ by x •{■ y. 

Arts, aj* + xy^ + sc'y 4- y*. 

4. Multiply 3a62 + 6aV by ^ah^ + ^a^c^. 

Ans. 9a2ft* + 27aWc2 + lSa*c*. 

6. Multiply a^i^ + ^W by a + J. 

6. Multiply 3aa;2 + Qab^ + cc?^ by 6aV. 

Ans. ISa^G^x^ + 54a^c^P + Qa^c^d^. 

1. Multiply 64a3aj3 + 2la^ + dab by Sa^cd. 

Ans. ^\2a^cdx^ + 2\Qa^cdx + I2a'^bcd. 

8. Multiply a3 + ^a^x + 3aa;^ + aj3 by a + a. 

-^l;w. a* + 4a^aj + Qa'^x^ + 4aa^ _|. g^^ 

9. Multiply a;2 + y2 by x -\- y. 

Ans. x^ + xy'^ + cc^y + y^^ 

10. Multiply aj* + a;y^ + ^ax by ckb + box, 

A71S. ^ay^ + 6aa2y« + 42a2iB2. 

11. Multiply a^ + Sa^^ + Zah^ + ^^ by a + 6. 

Ans. a* + 4a3J + ^a%'^ -v ^ab^ + b\ 

' 12. Multiply x* + x^y + xy^ + y^ by x + y. 

Ans. a5* + 2ar'y + 2xhj^ + 2xy^ + y*. 

18. Multiply x^+ 2x*+ x + S by 3a; + 1. 

Ans. 3n^ -f Va:» + dai^ + Ito + 8. 
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GENEBAL EXAMPLES. 

I. Multiply 2ax — Sab 

by S x — b. 

The product Gax^— 9abx 

becomes after — 2abx + Sab^ 

reducing Qax^— llabx + Sab\ 

2. Multiply a* — 2b^ by a — b. 

Arts, a^ — 2ab^ — a^b + 2bK 

3. Multiply x^ — Sx ^ 1 by a; — 2. 

Ans. x^ — 5x^ — a? + 14. 

4. Multiply 3a2 — 5aft + 2^^ i^y ^2 __ 7^^^ 

-4w5. 3a* — 2Ga^b + Bla^b^ — Uab\ 
6. Multiply ^2 + 54 ^ 2,6 i)y 52-1. Ans. b^ - i^. . 

6. Multiply a*— 2ar^y + 4a;V— 8«y3+ 16y* by a;4- 2y. 

-^I7i5. aj* + 32y®. 

7. Multiply 4aj2 — 2y by 2y. -4w5. Sx^i/ — 4y*. 

8. Multiply 2a; + 4y by 2a5 — 4^. Ans. 4aj2 — iey\ 

9. Multiply aj3 -f x^j/ + oy^ -f y3 i^y a; — y. 

10. Multiply a;2 4- asy 4- y^ ijy 3.2 _ jgy ^ ^2^ 

A71S. X^ + a;2y2 _|_ y4^ 

II. Multiply 2a2 — 3aa; + 4a;2 by 5a^ — 6ax — 2a;2. 

A71S. 10a* — 27a3aj + 34a2a;2 — iSaaP — So*. 

12. Multiply 3aj2 — 2xy + 5 by a;^ + 2in/ — 3. 

Ans. 3a3* + 4x^7/ — 4x^ — 4x^7/^ + \Qxy — 15. 

13. Multiply 3a;3 + 235^+ 3y2 by 2^^ — 3a;2y2 + 5^3, 

, ( 6a«, - bg^y\ — 6i*y* + 6aj^y2^-|- 
^** ( 15a3y3 — 9;^y* + lOa^y* + 15y*. 

14. Multiply %ax — Qab — c by 2aa5 + aJ + c. 
-4/w. lOa^ar* — 4a2*a5 — ea'^d^ + 6a«« — 7a5c — c^\ 
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15. Multiply Ba^ — 5b^ + 3c* by a* - b\ 

Ans. 3a* — Qa^h^ + 3aV + 6ft* — Sft^c*. 

16. 3a2 — ^M + c/ 

— 5a^ + 45c^ — 8c/. 

Pro.red. — 16a* + B1a?bd-29a^cf--20l)H'^J^UhGdf^Bc^p. 

17. Multiply a^x — a^b^ by a^a?**. 

18. Multiply a"* + 5« by a"» — ft*. -4;i5. a^"* — ft2«. 

19. Multiply a»" + ft» by a« + ft«. 

J^n^. a^*" + 2a'"ft« + ft**. 



DIVISION. 

45* Division is the operation of finding from two quan- 
tities a third, which being multiplied by the second, will 
produce the first. 

The first is called the Dividend^ the second the Divisor^ 
and the third, the Quotient, 

Division is the converse of Multiplication. In it, we have 
given the product and one factor, to find the other. The 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial by another. 

46. Divide V2a^ by 8a3. The division is indicated, 

thus : 

72a« 

.8a3 ' 

The quotient must be such a monomial, as, being multiplied 
hy the divisor^ will give the dividend. Hence, the coefficient 

46. What is division ? What is the first quantity called? The second? 
The third ? What is given in division ? What is required ? 
46. What is the rule for the division of monomials? 
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of the quotient must be 9, and the literal part a* ; for these 
quantities multii^lied by 8a^ \\'ill give I2a^. Hence, 

The coefficient 9 is obtained by dividing 72 by 8; and 
the literal part is found by giving to or, an exponent equal 
to 5 minus 3. 

Hence, for dividing one monomial by another, we have 
the following 

RULE. 

I. Divide the coefficient of the dividend by the coefficient 
of the divisor^ for a neio coefficient: 

n. After this coefficieiit tcrite all the letters of the dividend^ 
giving to each an ex^yonent equal to the excess of its expo- 
pone7it in the divideiid over that in the divisor, 

SIGNS IN DIVISION. 

47. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two factors 
having the same sigii will be + ; and the product of two 
factors having different signs will be — ; we conclude : 

1. When the signs of the dividend and divisor are like, 
the sign of the quotient will be -f. 

2. When the signs of the dividend and divisor are unlike, 
the sign of the quotient will be — . Again, for brevity, we 

+ divided by -f , and — divided by — -, give -1- } 
— divided by +, and + divided by — , give — . 

— ah . + ah , 

•- — z=z — h\ = — J. 

+ a — a 

47. What Is the rule for the ^igns, in divUditto ? 
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EXAMPLES. 



(1.) 



(2.) 



+ 9a^c 



= + 2a^b. 
(3.) 



lba?x^y 



— ba^x 



= + Zaxy. 



(4.) 



+ ^abc 



= — Sa\ 



32a8^>3a^ 



= — 4flKC*. 



5. Divide 

6. Divide 

7. Divide 

8. Divide 

9. Divide. 

10. Divide 

11. Divide 

12. Divide 

13. Divide 

14. Divide 
16. Divide 

16. Divide 

17. Divide 

18. Divide 

19. Divide 

20. Divide 

21. Divide 

22. Divide 

23. Divide 

24. Divide 

25. Divide 



Arts. — hx^y^. 

Ans. labx, 

Ans. — 4ab^c. 

Ans. — dab^x. 

Ans. 2xy^z'^. 

Ans. — 4xyz. 

Ans. -— 8a^5V. 

Ans. — ldabd\ 

Ans. — 2a5V. 

Ans. 8a^a^y\ 



Ibax^y^ by — Zay. 
Uab^x by 12^2, 

— 36a*5-^c2 by ^aWc. 

— 99a*5*ic« by llaWx^. 
lOSx^y^z^ by 64a*j5. 
Qix^y^^ by — 16a5®y*2*. 

— dQa^b^c^ by 12a25c. 

— 38a*56c?* by 2a^^d. 

— 64a«5^c8 by S2a*bc. 

128a5icV ^y 16aajy*. 

— 256a*5Ve/'' by IBa^Jc^ u4n5. — IQab^c^cT. 
200a^m^n^ by — SOa'^mn. Ans. — 4amw. 

300ajV25^ ^y QOxy^z. 
27a*5V by — 9«^c. 
Ua^y^z^ by d2ay^z\ 

— 88asZ^«c8 by lla^^^c^. 
Ila^y^^ by — lla'^yV. 
84a*5Vc? by — 4:2a^b^c^d. 

— 88a®^''c^ by 8a*^^c^. 
16a;2 by — 8a;. 

— 8Qa«52 by lla«J. 



Ans. 5x^y^z. 

Ans. — Sa^bc. 

Ans. 2d^yz. 

A71S. — SaWc^. 

Ans. — 7. 

-4/15. — 2. 

-4?i5, — lla^. 

Ans. — 2a5, 

-4n5. — 8a»-*'d. 
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26. Divide llaT'b'' by — Wa^IP. Arts. — 7a"-^J*-3. 

27. Divide 84a^5'» by 42a"5^ Ans. 2a«-"^'«-». 

28. Divide — 88a^5« by 8a"^'". Ans, — lla^-"52-*». 

29. Divide 96a5^ by 48a«J?. ui?i^. 2a^~«5i'~y. 

30. Divide 168a;«y* by 12ic*»y"*. Ans, 14a;«""«y*""'». 
81. Divide 266a5V by l^O^lTc^, Ans. IQa^-^h^-^c^-P. 

MONOMIAL FRACnONS. 

48. It follows from the preceding rules, that the exact 
division of monomials will be impossible : 

1st. When the coeffident of the dividend is not exactly 
divisible by that of the divisor. 

2d. When the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
fomid in the dividend. 

In either case, the quotient will be expressed by a fraction. 
A fraction is said to be in its simplest form^ when the 
numerator and denominator do not contain a common £u^or. 
For example, 12a*5-cc?, divided by Sa^^c^, gives 

12aW^ 

which may be reduced by dividing the numerator and de- 
nominator by the common fiictors, 4, a^, 5, and c, giving 



Also, 



Sa^bc^ 2c 

25a^b^d^ _ 5a 
TEa^b^' "" Wd 



48. Under what circumstances will the division of monomials be im- 
possible ? How will the quantities then be expressed ? How is a mono* 
mial fraction reduced to its simplest form ? 
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Hence, for the reduction of a monomial fraction to its sim- 
plest form, we have the following 



RULE. 



Suppress every factor^ whether numerical or literal^ that 
is common to both terms of tJie fraction ; the result wiU be 
the reduced fracHo7i sought. 



EXAMPLES. 



ZQa^b><?de 3bce 
(3.) 



: and 



(2.) 
SlaPc^d SWc 



also, 



la^b 1 

Ua^^ "■ 2ab' Qab^ 



6a^bc*d^ "" Qa'^d ' 

(4.) 
4a^^ 2a_ 
" 3^2' 



5. Divide 49a^^€^ by Ua^bc^. 

6. Divide 6am7i by Sabc, 

1. Divide l^aWmn^ by 12a*}*cdr. 

8. Divide 2%a^¥c'^d^ by leaft^ccTm. 

9. Divide I2a^c^b^ by 12a^c^bhl 

10. Divide lOOa^b^xmn by 2ba^b^d. 

11. Divide ^Qa^b^c^df by l^a^cxy. 



Ans, 
Ans, 
Ans. 



Ibc^ 

2a 

2mn 



be 
Zmn?' 



2a^bHd 
. la^c^d 
4:b^m 



Ans. 
Ans. 



6 



a^c^bd 
Aia^'bxmn 
d 



. S2a^b^cW 
Ans. — — 



2bxy 



12. Divide ^bm^n^fx^y^ by Ibam^nf Aiis. ~- 



13. Divide 127<PajV ^7 l^d^^y^- 



Sofn^ 
Ans. ■=-- 



IBficV 
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49. In dividing monomials, it often happens that the 
exponents of the same letter, in the dividend and divisor, 
are equal ; in wliich case tliat letter may not appear in ,the 
quotient. It might, however, be retained by giving to it the 
exponent 0. 

If we have expressions of the form 

a a^ a^ a* a* . 
a a-^ a^ a* a^ 

and apply the rule for the exponents, we shall have, 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = ao = 1, ^ = a2-2 = ao = 1, &c. ; 
or, finally, if we designate the exponent by m, we have, 
— = «»»-»» = a® = 1 ; that is. 

The power of any quantity is equal to 1 : therefore, 
Any quantity may he retained in a term^ or introduced 
into a term^ by giving it tJie exponent 0. 

EXAMPLES. 

1. Divide Qa^h^e^ by 2a'^h\ 

2a'¥ 

2. Divide Qa'^h^c^ by — 4a*5^c. Ans. — 2a"Z)V = — 2c*. 

3. Divide — ^2m^n-x^y^ by ^m^n^xy. 

Ans, — 9>m^n^xy = — 8ay. 



49. When the exponents of the same letter in the dividend and divisor 
arc equal, what takes place ? May the letter still be retained ? With 
what exponent ? What is the zero power of any quantity equal to ? 



T = -55 also, -5 = a2-5 = a-\ by the rule; 
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4. Divide — 9Qa*b^c'' by — 24a*5*. Ans. 4a%^<f = 4c\ 
6. Introduce a, as a factor, into 6^^c*. ^n5. 6a®5*c*. 

6. Introduce a^, as factors, into 9c^d^, Ans, 9aPh^c^d\ 

7. Introduce abc^ as factors, into 8c?y*». -4. 8a°5Vc?y"»» 

50* When the exponent of any letter is greater in the 
divisor than it is in the dividend, the exponent of that letter 
in the quotient may be wiitten with a negative sign. Thus, 

a« 1 , a2 
— = — ; also, — : 
a^ a3' 'a' 

hence, a~^ = — 

— , we have, b x a~^ = — 

that is, a in the numerator, with a negative exponent, is 
equal to a in the denominator, with an equal positive ex- 
ponent ; hence. 

Any qicantity having a negative exponent^ is equal to the 
reciprocal of the same quantity with an equal positive ex- 
ponent 

Hence, also. 

Any factor may be transferred from, the denominator to 
the numerator of a fraction^ or the reverse^ by changing the 
sign of its exponent. 



Since, a-^ = __ we have, b x a^^ = -^; 



EXAMPLES. 



1. Divide Zla^bc by ICa^^. 



Ans, -rr-rro = 2a ^b ^c = -r^ 
16a^Z>2 a^b 



50. When the exponent of any letter in the divisor is greater than in 
the dividend, how may the exponent of that letter be written in the quo- 
tient ? What is a quantity with a negative exponent equal to ? How 
mar a factor be transferred from the numerator to the denominator of a 
{Taction ? 



70 ELEMENTARY ALGEBRA. 

2. ^ .,. = Qa^^^^c. Arts. 



9a*b^ a^b^ 



z 
or — • 



3. Reduce ^^ *i , • Ans, — -—, -* « , 

5 lay 3 ' 3jg2 

4. In hay^^x'^'^y get rid of the negative exponents. 



6. In _3,_g , get rid of the negative exponents. 

3aj^ 

6. In ■ _^ - _g _g , get rid of the negative exponents. 

4o.c ' y c 

X^'U^C^ 

^^^- 3-^W- 

7. Reduce ^ . ». , — Am. , or -=-.— • 

9 

8. Reduce I2a^h'^ -r- Sa^h^. Arts, 9a-^5-\ or — • 

ao 

J 5^ — 4^6^— 1 

9. In _ 2A - 1 ' S®* ^^^ ^^ *^® negative exponents. 

10. Reduce -,-z — ^r-* Ans. Zah^i^. 

— 5a~^o~"^ 

To divide a polynomial by a monomial. 

51. To divide a polynomial by a monomial : 

Divide each term of the dividend^ separately, by the 
divisor / the algebraic sum of the quotients will be tlie quo- 
tient sought. 

EXAMPLES. 

1. Divide ^aW — a by a. Ans. Zab'^ — 1. 

61. Hovr do you divide a polrDomial by a monomia]? 
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2. Divide 6aW -. 25a*52 j^y 5^3j2^ ^^ 1 __ 5^ 

3. Divide S5d^b^ — 25ab by — 5ab. A7is. — lab -\- 5. 

4. Divide lOab — 15ac by 5a. ui^w. 25 — 3c. 
6. Divide 6a5 — 8aa; + ^a^y by 2a. 

-4w5. 35 — 4a; + 2ay. 

6. Divide — Ibax^ + Cic^ by — Zx. Ans, 5ax — 2aj^ 

7. Divide — 21a;y2 -f S5aW]/ — Yc^y by — 7y. 

8. Divide 40^85* + Sa*¥ - 32a^5*c* by 8a*5*. 

-4/w. 5a* + 53 __ 4^^ 

DIVISION OF POLYNOMIALS. 

5«. 1. Divide — 2a + Ga^ — 8 by 2 + 2a. 

Dlvideiid, Divisor. 
6a^ — 2a — 8 | 2a -f 2 
Oar + 6a da — 4: Quotient. 

— 8a — 8 

— 8a — 8 

JRemainder, 

We first arrange the dividend and divisor with reference 
to a (Art. 44), placing the di\'isor on the left of the dividend. 
Divide the first term of the dividend by the first term of 
the divisor ; the result will be the first term of the quotient, 
which, for convenience, we place under the divisor. The 
product of the divisor by this term {6a^ + 6a), being sub- 
tracted from the dividend, leaves a new dividend, which may 
be treated in the same way as the original one, and so on to 
the end of the operation. 

52. What i3 the rule for dividing one polynomial by another ? When 
is the division exact ? When \» it not exact ' 
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Since all similar cases may be treated in the same way, we 
Lave, for the division of polynomials, the following 

RULE. 

I. Arrange the dividend and divisor with reference to the 
same letter : 

n. Divide the first term of the dividend by the first term 
of the divisor^ for the first term of the quotient. Multiply 
the divisor by this term of the quotient, and subtract the 
product from the dividend: 

in. Divide the first term of the remainder by the first 
term of the divisor , for t/ie second tertn of the quotient. 
Multiply the divisor by this ter7n, and subtract the product 
from the first remainder, and so on: 

lY. Co9itinue the operation, until a remainder is found 
equal to 0, or one whose first term is not divisible by that 
of the divisor. 

Note. — 1. When a remainder is found equal to 0, the 
division is exact. 

2. When a remainder is found whose first term is not 
divisible by the first term of the • divisor, the exact division 
is impossible. In that case, wi'ite the last remainder after 
the quotient found, placing the divisor under it, in the form 
of a fraction. 

SECOND EXAMPLE. 

Let it be required to divide 
51^2^24. loa* - ^QaV) - 15^4+ 4a53 by 4a5 — Sa* + Zb\ 

We first an ange the dividend and divisor with reference 
to a. 
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Dividend, 




+ 5la^b^+ 4ab^—Ub* 
+ S2arb^+24ab^ 



Divisor. 
5a ^4- 4fl5 + 36^ 
2a2+ 8a^ — 6^* 



25a252-Wj3 
25^-20^153 






(3.) 

as* + a^y 4- «2y 4- xy^ — 2y a; + y 
«* 4- a^y 



ic3-|- ay — 



2y 



+ x^y + a;y2 
+ x^y + scy2 



« + y 



- 2y 

Here the division is not exact, and the quotient is frac- 
tional. 



(4.) 



1 + a 
1 - a 



1 - a 



1 + 2a + 2a2 + 2a3 + , &cj ' 



+ 2a 

4- 2a — 2a2 




4- 2a2 
4- 2a«-- 


2a3 



+ 2a3 

^, *. M « iV . 

In this example this operation does not terminate. It may 
be continued to any extent. 



EZAIIPLES. 



1. Divide a^ 4- 2aaj + x^ by a + x. Ans, a + x. 

2. Divide a^ — 3a2y 4- ^ay^ — V^ hy a — y. 

Ans. a* — 2ay 4- y^ 

4 
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X CHAPTER m. 

USEFUL FORMULA^ FACTORING. GREATEST COMMON DIVIBOB. 

LEAST COMMON MLXTIPLE, 

USEFUL FORMULAjft 

53. A Formula is an algebraic expression of a general 
rule, or principle. 

Formulasr serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following formulas affords addi- 
tional exercises in Multiplication and Division. 

54, To fonn the square of a + b^ we have, 

{a + by = {a + b) (a + b) = a^ + 2ab + b\ 

That is, 

TJie square of the sum of any two quantities is equal to 
the square of the firsts plus twice the product of the first by . 
the second^ plus the square of the seco^id, 

1. Find the square of 2a + 35, We have from the rule, 
(2a + 35)2 = 4a2 + 12a5 + ^b\ 

63. What is a formula ? What are the uses of formulas ? 

64. What is the square of the sum of two quantities equal to ? 
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2. Find the square of 5ab + Sac. 

Ans. 25aW + SOa^bc + 9a^c\ 
8. Find the square of 5a^ + 8d^b. 

Ans. 25a* + SOa^b + 6ia^b\ 
4. Find the square of Qax + 9aW. 

Ans. SQa^x^ + lOQa^x^ + Sla^A 

(a.) 

55. To form the square of a difference, a — 5, we have, 

{a — J)2 = (a - 5) (a — 5) = a2 - 2ab + b\ 
That is, 

The square of the difference of any two quantities is 
equal to the square of the firsts minus twice the product of 
the first by the second^ plus the square of th^ second. 

1. Find the square of 2a — b. We have, 

(2a — by = 4a2 — 4ab + b^. 

2. Find the square of 4ac — be, 

Ans. IQa^c^ — Sabc^ + b^c\ 

3. Find the square of laW — I2ab\ 

Ans. 49a*5* - IQSa^b^ + U4a^^. 

(3.) 

56. Multiply a + b hj a — b. We have, 

(a + 5) X (a — J) = a2 — b\ Hence, 

The sum of two quantities, multiplied by their difference^ 
is equal to the difference of their squares. 

1. Multiply 2c + b by 2c — b. Ans. 4c2 — b\ 

2. Multiply 9ac + Sbc by 9ac — Sbc. 

Ans. 81a2c2 — 9b^c^. 

65. What is the square of the difference of two quantities equal to ? 

66. What is the sum of two quantities multiplied by their difference 
equal to? 
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8. Multiply 8a3 + lah^ by 8^3 - *Jah\ 

Am. 64a« -^ 49a2^ 

(41.) 

57. Multiply a^ + db + li^y^Y a — h. We have, 

(a2 + aft + 52) (a - ^) = a3 - *3. 

(5.) 

58. Multiply a^ — ah + b^ hj a + h. We have, 

(a2 - aJ + J2) (^ + J) 33 «3 + j3, 

(6.) 

59. Multiply together, a + J, a — J, and a^ + 6*. 
We have, 

(a + 5) (a - J) (a2 + 52) = a* - 5*. 

60. Since every product is divisible by any of its factors, 
each formula establishes the principle set opposite its number. 

1. TJie sum of the squares of any two quantities^ plus 
twice their product, is divisible by their sum. 

3. The sum, of the squares of any two quantities, m.inus 
twice their product, is divisible by the difference of the 
qxiantities. 

3. The difference of the squares of any two quantities 
is divisible by tlie sum of the quantities, and also by their 
difference. 

4. The difference of the cubes of any two quantities is 
divisible by the difference of the quantities; also, by the 
sum of their squares, plus their product. 

5. The sum, of the cubes of any two quantities is dimsi" 



60. By what is any product divisible ? By applying this princifdo^'what 
follows from Formula (1 ) ? What from (2) ? What from (3) ? What from 
(4) ? What from (6) ? What from (6) ? 
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bk by the sum of the quantities ; alsOy by the smn of their 
squares minus their jproduct. 

6. The difference between the fourth powers of any tioo 
quantities is divisible by the smn of the quantities^ by their 
difference.^ and by the sum of their squcd^es^ * 



FACTOEn^G. 

61. Factoring is the operation of resolving a quantity 
into factors. The principles, employed arc the convei-se of 
those of Multiplication. The operations of factoring are 
performed by inspection. 

1. What are the factors of the polynomial 

ac + ab + ad. 

"We see, by inspection, that a is a common factor of all 
the terms ; hence, it may be placed without a parenthesis, 
and the other parts within ; thus : 

ac -\' ab -\- ad =z «(c + b -{- d). 

2. Find the factors of the polynomial d^b^ + a^d — d]f' 

Ahs. a'^{b^ + <? - /). 

3. Find the factors of the polynomial Sa'^b — 6a^b^ + b^d. 

Ans. b{Sa^ - Qa-b 4- bd), 

4. Find the fiictors of Sd^b — 9a^c — 18aVy. 

Ans, Zd^{b — 3c — Qocy). 

5. Find the factors of Sd^cx - ISacx^ + 200^^ — BOa^c^. 

Ans. 2ac(4aa5 — dx^ -\- c^y — 15aV). 

6. Factor dOa^b^c - 6aWd^ + lSa^^c\ 

Ans. Qa^^{5ac - d^ + 3c2). 

7. Factor 12c^bd^ — Uc^d^ — Qc^dY- 

Ans. Sc^d\4c^b — 6cd — 2/). 

61. What is factoring? 
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8. Factor Ua^brf — lOabc* — 25abc{l 

A71S. 5abc[daY — 2c^ - 5d). 

62. When two terms of a trinomial are squares, and 
positive, and the tliird term is equal to twice the product of 
their square roots, the trinomial may be resolved into factors 
by Formula (1). 

1. Factor ci^ + 2ah + ^^. ^7X8. {a + h) {a + h), 

2. Factor 4a2 -\- \2ah -\- 9b^, 

Ans. (2a + Sb) (2a + Zh). 

3. Factor Oa^ + i2a6 + ^b'^. 

Ans. (3a + 2b) (3a + 2b). 

4. Factor Ax^ + 8a; + 4. Ans. (2x -f 2) (2x -\- 2). 

5. Factor ^a^b"^ + 12a5c + 46-2. 

Alls. (Qctb + 2c) {Sab + 2c). 

6. Factor IQx^y^ + I6xy^ + 4y*. 

Ans. {4x1/ + 2y2) (4a^ + 2y2), 

63. Wlien two terms of a trinomial are squares, and 
positive, and the third term is equal to minxis twice their 
square roots, the trinomial may be factored by Formula 

(a). 

1. Factor a^ — 2ab + b\ Ans. {a — b) {a — b). 

2. Factor 4a2 — 4ab + b\ Ans. (2a — b) {2a — b). 

3. Factor 9a^ — 6ac + c^. Ans. (3a — c) (3a — c). 

4. Factor a^x^ — 4aaj + 4. Ans. {ax — 2) {ax — 2). 
6. Factor 4x^ — 4xy + y\ Ans. (2a; — y) (2a; — y). 



62. When may a trinomial be factored ? 

68. When may a trinomial be factored by this method? 
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6. Factor SCa;^ — 24scy -f 4^^, 

A91S. (6a; — 2y) {Qx — 2y). 

64* When the two terms of a binomial are squares and 
have contrary signs, the binomial may be factored by 
Foi-mula ( 3 ). 

1. Factor 4c^ - b^. Ans. (2c + h) (2c - h). 

2. Factor 81 aV — 9JV. 

Ans, {Mc -f 3Jc) (9ac — 3&c), 

3. Factor 64a<J* — 26a;V. 

^n5. (8a2^^2 ^ 5a,y) (g^^^^^ - Say). 

4. Factor 25a2c^ — 9a;*y2. 

» Alls, {bac 4- 3a;^y) {oac — Sai^y). 

6. Factor 36a*^*c2 - 9a;^ 

Ans. {i&a^¥c + 3a?^) (Ga^J^^ — 3aj3). 

6. FactoB 49«* - 36y*. Ans. {1x^ -f- 6y2) (7a;2 — 6y2). 

65. When the two terms of a bmomial are cubes, and 
have contrary signs, the binomial may be factored by 
Formula (4 ). 

1. Factor Sa^ — c^. Ans. {2a — c) (4^= + 2rtc + c^). 

2. Factor 2la^ — 64. 

-4^5. (3a — 4) (9a2 4- 12« + 16). 

3. Factor d^ — 64^3. 

Ans. {a — 46) (of^ + ^ab + I6&2). 

4. Factor a^ — 27R -47?5. (a — 3Z>) (a^ + Zab + 9^'^). 

64. When may a binomial be factored ? 

65. When may a binomial be factored by tliis method? 

4* 



{ 
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66. Wlieii the temis of a binomial are cubes and have 
like signs, the binomial may be factored by Formula ( ff ). 

1. Factor 8a^ + c\ Ana. (2a + c) (4a» — 2ac + c"). 

2. Factor 21 a^ + 64. 

A?is. (3a + 4) (9a2 — 12a + 16). 

3. Factor a^ + 64b\ 

Ana. (a + 4 J) (a^ - 4aft + 16*»). 

4. Factor a^ + 27^. Ans. (a + 35) (a^ - 3a^ + ^V). 

67. When the terms of a binomial are 4th powers, and 
have contrary signs, the binomial may be factored by 
Formula (6). 

1. What are the factors of a* — 5*? 

Atis. (a + «►) (a — h) {a^ + h^). 

2. What are the factors of 81a* - 165* ? 

Ans. (3a + 2b) (3a — 2h) (Oa^ -f 452). 

8. What are the factors of 16a*5* — 81c*c?*? 

Ans. (2ah + ^cd) {2ab — Zed) (^a^h^ + ^c^d^). 



GREATEST C03IM0N BIVISOR. 

68. A Common Divisor of tAvo quantities, is a quantity 
that will divide them both without a remainder. Thus, 
3a^5, is a common divisor of Oa^J^c and 3a^5''* — Qa^b^. 

66. When may a binomial be factored by this method? 
6Y. When may a binomial be factored by this method? 
68. What is tho comraon divisor of two quantitica ? 
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69. A Simple or Pkime Factoii is one that cannot be 
resolved into any other factors. 

Every prime factor, common to two quantities, is a com- 
mon divisor of those quantities. The continued product of 
any number of prime factors, common to two quantities, Ls 
also a common divisor of those quantities. 

70. The Greatest Common Divisor of two quantities, 
is the continued product of all the prime factors which are 
conmion to both. 

71. When both quantities can be resolved into prime 
fectors, by the method of factoring already given, the great- 
est common divisor may be found by the following 

RULE. 

* 

I. Mesolve both quantities into tJieir prime factors : 
n. Find the continued product of all tJie factors which 
are common to both / it will be the greatest common divi- 
sor required, 

EXAMPLES. 

1. Required the greatest common divisor of iSd^b'^c and 
25abd. Factoring, we have, 

Ibd^b'^c = 3 X 5 X Baabbc 
2babd = 5 X babd. 

The fiictors, 6, 6, a and J, are common ; hence, 

6x6xax5 = 26ad, 
is the divisor sought. 

69. What is a simple or prime factor ? Is a prime factor, common to 
two quantities, a common divisor ? 

70. What is the greatest common divisor ? 

71. If both quantities can be resolved into prime factors, how do yon 
find the greatost common divisor? 
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VERIFICATION. 

25abd -t- 25ab = d; 

and since the quotients have no common factor, they cannot 
be further divided. 

2. Required the greatest common divisor of a^ — 2ab + 
b^ and a^ — P, Ans. a — 5. 

3. Required the greatest common divisor of a^ + 2ab + 
b^ and a + b, Ans. a -{• b. 

4. Required the gi*eatest common divisor of d^x^ — 4ax 
+ 4 and ax — 2. Ans, ax — 2. 

5. Find the greatest common divisor of Sa^b — 9a^c 
— ISa^xi/ and b^c — Sbc^ — 6bcxy. Ans, b — 3c — Qxy, 

6. Find the greatest common divisor of 4:a\ — iacx and 
Sa^g — Saffx. Ans, a{a — a), or a^ — ax. 

1, Find the greatest common divisor of 4c^ — 12cx + 90^ 
and 4c2 — Ox^, Ans. 2c — 3a:. 

8. Find the greatest common divisor of x^ — y^ and 
^.2 __ y2^ ^W5. X — y. 

9. Find the greatest common divisor of 4v? -f 4&c -f- 6* 
and 4c^ — 5^. Ans. 2c -f *. 

10. Find the greatest common divisor of 250^6^ — 9a^y* 
and 5acd^ + dd^x'^y^, Ans, 5ac + Sx-y\ 

Note. — ^To find the greatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest common divisor l)etvreen this 
result and the third. 

1. What is the greatest common divisor of ^ax^y^ 16a^, 
and 24acaj^ ? Ans, 4ax\ 

2. Of 3a;2— ex, 2aj3— 4aj% and x^y— 2xy? Ans, x^— 2x. 

72. When is one quantity a multiple of another ? 
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LEAST COMMON MULTIPLE. 

ya. One quantity is a multiple of another, when it can 
he divided by that other without a remainder. Thus, Sa^b^ 
is a multiple of 8, also of a^^ and of ^. * . 

73. A quantity is a Cominon 3Iultiple of two or more 
quantities, when it can be divided by each, separately, with- 
out a remainder. Thus, 24a^a;^, is a common multiple of 
6aaj and Aa^x. 

74. The Least Common Multiptje of two or more quan- 
tities, is the simplest quantity tliat can be divided by each, 
without a remainder. Thus, \2a'^h'^x^^ is the least common 
multiple of 2a?x^ 4rab\ and Ga^b^x-. 

75. Since the common multiple is a dividend of each of 
the quantities, and since the division is exact, the common 
multiple must contain eveiy piime factor in all the quanti- 
ties ; and if the same factor enters more than once, it must 
enter an equal number of times into the common multiple. 

When the given quantities can be factored, by. any of the 
methods already given, the least common multiple may be 
found by the follo^ving 

bule. 

. I. JResolve each of the quaiitities into its iTtime factors : 
n. Take ea^ch factor as many times as it enters any one 
of the quantities^ and form the coiitinited product of these 
foAytoTS / it will be the least common midtiple, 

78. When is a quantity a common multiple of several others ? 

74. What is the least common multiple of two or more quantities? 

75. What does the common multiple of two or more quantities contain, 
as fiictors? How may the least common multiple be found ? 

* Tho mxiUipU of a quintity, is simply a dividend which will givo on exact qnoticnt 



i 
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EXAMPLES. 

1. Find the least common multiple of 120,^1)^0^ and ^a^b\ 

12a3^V = 2.2.3.a«a55cc. 
8a2J3 =1 2,2,2.aabhh. 

Now, since 2 enters 3 times as a factor, it must enter 3 
times in the common multiple: 3 must enter once; a, 3 
times ; J, 3 times ; and c, twice ; hence, 

2.2,2.Saaabbbcc = 2ia^b^c^^ 

is the least common multiple. 

Find the least common multiples of the following : 

2. 6a, Sa^J, and 25abc^. Ans. 150a^bc\ 

3. da% 9iibc^ and 2la^x\ A^is. 21a^bx^. 

4. 4:a^x^y^^ Sa^icy, 16a*i/^, and 24a^y^aj. Ans. 4t8a^x^j/^. 

6. ax -- bx^ «y — ■ ^y? ai^d jc^y*. 

A91S. {a — b)x.x,yy = aaj^y^ __ ^2^2^ 

6. « + ^ a'^ — ^S and a^ + 2a& + h^. 

Ana. {a + 5)2 (a - 5). 

7. 3a3Z»2, 9a^x^, ISaV^ 3a2y2. ^/i^. 36a^52jcV- 

8. Sa^{a —5), 16a5(a - b)\ and 12a3(a? - J2)^ 

Ans. 120a«(a — 5)^ (a + b). 
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CHAPTER IV. 

FBACTIONS. 

V6« If the unit 1 be divided into any number of equal 

parts, each part is called a fractional unit. Tlius, - ? j, 

- , 7 , are fractional units. 
7 

77. A Fra^ciion is a fractional unit, or a collection of 
fractional units. Thus, i, ?, ?, |, are fractions. 

78. Every fraction is composed of two parts, the Do- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the Nu- 
merator how many of these parts are taken. Thus, in the 

fraction ^ , the denominator 5, shows that 1 is divided into 

h equal parts, and the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 

■ ■■■■!■■ ■■ -— -.1. — i..l_— ■■ » — ■ , ^■^ _^ I , ^i 

76. If 1 be divided into any number of equal parts, what is each part 
called? 

77. What is a fraction ? 

78. Of how many parts U any fraction composed? What are they 
called? What does the denominator show? What the numerator? 
What is tho fractional unit equal to ? 
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79. An Entire Quantity is one which contains no 
fractional part. Thus, 7, 11, a^ ^^ — 3y, are entire 
quantities. 

An entire quantity may he regarded as a fraction whoso 

denominator is 1. Thus, 7 = -, a5 = — • 

80. A Mixed Quantity is a quantity containing hoth 

entire and fractional parts. Thus, ^^^ , 8^ , a -\ , are 

c 

mixed quantities. 

81. Let V denote any fraction, and q any quantity 
whateA^er. From the preceding definitions, =- denotes that 
- is taken a times ; also, -^ denotes that ■=■ is taken 



aq times ; that is, 

aq a . 

~ = Y X q: hence, 



3Iultlplying the nxmierator of a fraction hy any qitan^ 
tity^ is equivale^U to rnultiplying the fraction hy that 
quantity. 

We see, also, that ayvy quantity tnay he midtiplied hy a 
fraction^ hy multiplying it hy the numerator^ and then 
dividing the result hy the denominator, 

82. It is a principle of Division, that the same result will 
be obtained if we divide the quantity a by the product 
of two factors, ^ x $', as would be obtained by dividing it 

79. What is an entire quantity ? When may it be regarded as a frac- 
tion? 

80. What is a mixed quantity ? 

81. How may a. fraction be multiplied by any quantity ? 

82. How may a fraction be divided by any quantity ? 



TRAN8FOBMATION OP FRACTIONS. 89 

first by one of the factors, p^ and then dividing that result 
hj the other factor, q. That is, 

a (a\ a ( a\ , 

— = I - I -J- S'; or, — = I - I -5- jt>; hence, 
pq \pl ^' ' pq \ql ^' 

Multiplying the denominator^ of a fraction by any quanr 
tity^ is equivalent to dividing the fraction by that quantity. 

83. Since the operations of Multiplication and Division 
are the converse of each other, it follows, from the preced- 
ing principles, that. 

Dividing the numerator of a fraction by any qua7itity^ 
is equivalent to dividing the fraction by that quantity ^ 
and, 

Dividing the denominator of a fraction by any quantity^ 
is equivalent to multiplying the fraction by that quantity. 

84. Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that. 

Doth terms of a fraction may be midtiplied by any quanr 
tity^ or both divided by any quantity^ without clianging the 
value of the fraction. 






TRANSFORMATION OF FRACTIONS. 

85* The transformation of a quantity, is the operation 
of changing its foim, without altering its value. The term 
reduce has a technical signification, and means, to IVanS" 
form. 

83. What follows from the preceding principles ? 

84. What operations may be performed without altering the value of 
a fraction ? 

85. What is the transformation of a quantity ? 
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FIRST TRANSFORMATION. 



To reduce an entire quantity to a fractional form having a 

given denominator, 

86. Let a be the quantity, and h the given denomi- 
nator. We have, evidently, a = -r- ; hence, the 

RULE. 

Multiply the quantity hy the given denominator^ and 
torite the product over this given denominator, 

SECOND TRANSFORMATION. 

To reduce a fraction to its lowest terms, 

87. A fraction is in its lowest terms ^ when the numerator 
and denominator contain no common factors. 

It has been shown, that both terms of a fraction may be 
divided by the same quantity, without altering its value. 
Hence, if they have any common factors, we may strike 
them out. 

RULE. 

Hesolve each term of tJie fraction into its prime fao- 
tors / then strike out all that are common to both. 

The same result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by their greatest conmaon 
divisor. 



86. How do you reduce an entire quantity to a fractional form having 
a given denominator ? 

87. How do you reduce a fraction to its lowest terms ? 
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EXAMPLES. 

15aV 
1. Reduce -- — -, to its lowest terms. 
2baca 

Canceling the common factors, 6, a, and c, we have, 

15aV Zac 



25acd 5d 



Arts. 



2. Reduce -t^tt-^:^* Ans. --• 

3. Reduce — ^,. ^^^. — . 

4. Reduce -5 • Ans. - = a. 

— c 1 

ex>ji ^2— 2n-|-l ^ n — 1 

6. Reduce :; • Ans, — -— ■• 

w2 — 1- w + 1 

6. Reduce -r ■- : — r« Ans. 



7? — 2005 + a^ a; — a 

7. Reduce — ,^ .,,,» • Ans. — - = — 8. 

2455 — 36a5* ^ 4J — 6a 

8. Reduce ,^ ,,, t-^tt^* -a.ws. 



48a*^* — QQa^¥ ' 8a* — lla^^'-* 

9. Reduce -^ , , ,» * ^^5. r- 

or — 2a& + ^ a — 

,^ T^ ^ 5a-^ - 10a2& + 5a52 5(a - J) 

10. Reduce —-x -^—51; Ans. -^— -> 

8a^ — Sa^^ 8a 

„ ^ Sa^ + Qa^b^ . 1 .+ 2^ 

11. Reduce ■ . , ^ ^ » • -4n5. 



12a* + 6a V ' 4a2 + 2ac2 
12. Reduce —777-5 ^ — Ans. —. 
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THIRD TRANSFORMATIOX. 

To redicce a fraction to a mixed quantity. 

S8. When any term of the numerator is divisible by any 
term of the denominator, the transformation can be effected 
by Division. 

RULE. 

Perform the indicated division^ continuing the operation 
as far as possible ; then vrrite the remainder over the deno- 
minator^ and annex the result to the quotient found. 



EXAMPLES. 

cux — a?' €t^ 

1. Reduce • Ans, a • 

x X 

2. Reduce — • Arts, a — x 

X 

^ ^ ab — 2a^ . 2a« 

3. Reduce z • Ans. a =- 



rjri _ jp2 

4. Reduce • Ans. a + x 

a — X 

q q 

6. Reduce ^ "" '^ • Ans. x^ + xv + v^ 

^ ^ 10aj2 -505 + 3 . „ , , 3 

6. Reduce — — ^ • Ans. 2x — 1 + — 

5x 6x 

1. Reduce . . 488^ — 8 H — - 

9a; 9 

T> -I I8acf — eb dcf — 2ad 6o 2bc 2 

o. xveciuce — t^t — • • "~5- — — — — -— ^, 

dadf d a Sf 

^ ^ . x-' + x- 4t . , 2 

9. Reduce — • Ans. aj — 1 — 



a; -f 2 aj + 2 

88. How do you reduce a fraction to a mixed quantity ? 
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^ ^ a2 + J2 ^ W' 

10. Reduce :=- • Ana, a —- o + 



11. Reduce • Ans, a; + v + 



SB — 4 05 — 4 

FOURTH TRANSFORMATION. 

To redicce a mixed quantity to a fractional form. 

89. This transformation is the converse of the preced- 
ing, and may be effected by the following 

RULE. 

Multiply the entire part by the detiominatw of the frac- 
tion^ and add to the product tJie nmnerator ; torite the residt 
over the denominator of the fraction. 

EXAMPLES. 

1. Reduce 6| to the form of a fraction. 

J q 

6 X 7 = 42 ; 42 + 1 = 43 ; hence, C j = -r- • 
Reduce the following to fi*actional forms : 

a^ — aj2 jg2 _ (^2 X- a.2) 2x^ — a^ 

2. X = ^^ • Ans. 

XX X 

ax -\- x^ . ax — x^ 

3. a; . Ans. 

2a 2a 

.« re . 2a; - 7 , I7a5 - 7 
.4. 5 ^ . Ans. 

3a5 3a; 

-., a; — a — 1 . 2a — a;+l 

5. 1 . Ans. 

a a 

« 1 . o a - 3 . 10x2 + 4a; 4- 3 

6. 1 4- 2a; Ans. — - 

bx 5x 

■?9. How do you reduce a mixed quantity to a fractional form ? 
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^ ^ , -L 3c 4- 4 . 16a + 8^ — 3c — 4 

7. 2a + — • A71S. ^ 

8 8 

^ ^ . - Qa^x — ab . ISa^aj + bah 

8. 6flKB + : • Ans. 

4a 4a 

8 + 6a"^^g^ 

12a&B* 

96a5a^ + SOa^^^g^ _ 3 



9. 8 + Zah — 



-4w«. 



12a^ 



nPTH TRANSFORMATION. 



Tb reduce fractions having different denominators^ to equi- 
valent fractions having the least common denominator. 

90« This transformation is effected by finding the least 
common multiple of the denominators. 

13 5 

1. Reduce -, -, and -— , to their least conmion denomi- 
nators. 

The least common multiple of the denominators is 12, 
which is also the least common denominator of the required 
fractions. If each fraction be multiplied by 1 2, and the result 
divided by 12, the values of the fractions will not be changed. 

- X 12 = 4, 1st new numerator ; 

3 

- X 12 = 9, 2d new numerator: 
4 

~ X 12 = 5, 3rd new numerator ; hence, 

4 9 5 

-— , -—, and — are the new equivalent fractions. 

90. How do you reduce fractions haying different denominators, to eqiu-« 
Talent fractions having the loast common denominator ? When the nu- 
merators hare no common factor, how do vou reduce them ? 
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^ RULE. 

I. Find the least common mxdtiple of the denominators : 
n. Multiply each fraction hy it^ and cancel tJte denom- 

inator : 
in. Write each product over the common multiple^ and 

ths results will be the required fractions, 

GENERAL RULE. 

Multiply each numefator hy all the denoiuinators except 
its own^ for th^ new numerators^ and all the denominators 
together for a common denominator > 

EXAMPLES. 

a c 

1. Reduce *-r 7: and — ; — = to their least common 

a^ — P a + 

denominator. 

-The least common multiple of the denominators is (a + b) 
{a - b) : 

X {a + b) {a — b) = a 



a2- ^,3 
c 



— — ^ X (a + b) (a '- b) = c(a — b ; hence, 

a + b ^ ^ ^ ' ^ 

and ; ~isn — — 7A' ^^® ^^ required 



(a + ^) (a — b) (a + b) {a - b) 

fractions. 

Reduce the following to their least conmion denominators : 

^ Sx 4 , 12252 , 4505 40 48x^ 

2. — , - , and 

4 ' 6' 15 

352 ^ 5c3 

3. a, -— , and -— • 

' 4 ' 6 

. Sx 2b , , 

4. --, --, and d, 
2a' 3c' 



JIXTlif 


• 60 


' 60' 


60 


Ans, 


12a 
12 


9^2 

' 12' 


10c3 
12 


Ans, 


9cx 


4a* 


Qacd 


6ac' 


6ac' 


6ac 
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3 2a; . 2a; , 9a 8aaj 12a2 + 24aj 

4' 3 ' a 12a' 12a' 12a 

^ X x^ ^ Q? 



1 -a;' (1 -a;)2' (1 - a;)^ 

a;(l — xY xHl — x) , 7? 
Ans. -y- r^, -77 r^, ond 



(1 - xY ' (1 - xy ' '^"^ (1 - xy 



. c c — h T c 

7. ■-- , , aud 



5a c a -\- h 

CLc^ + ^c^ Sa^c — 5a^ft + 6a&c -- bah^ hac^ 



9a^c + 5abc^ 6a^c + babe ' 5a^c + bahc 

ex dx^ , x? 

8. , — - — , and 



a ^ x'^ a -\- x'^ a + X 

. ca;(a + a;) chi^(a — x) , oPia — x) 
a2 — aj2 ' a^ — a;2 ' ^2 _ ^^ 



ABBITION OF FRACTIONS. 

•1. Fractions can only be added when they have a com- 
mon miit, that is, when they have a common denominator. 
In that case, the sum of the nmnerators will indicate how 
many times that unit is taken in the entire collection. 
Hence, the 

RULE. 

I. jReduoe the fractio7is to be added^ to a common denom^ 
motor : 

n. Add the num^ators together for a new numsrator^ 
and torite the sum over the common denominator. 

EXAMPLES. 

1. Add -, -, and -, together. 

2 «5 o 



91. What is the rule for adding fractions? 
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By reducing to a common denominator, we have, 

6x3x5 = 90, 1st numerator. 

4 X 2 X 6 = 40, 2d numerator. 

2x3x2 = 1 2, 3d numerator. 

2 X 3 X 6 = 30, the denominator. 

Hence, the expression for the sum of the fractions becomes 

142 



90 40 12 
30 30 "^ 30 



30 



which, being reduced to the simplest form, gives 4^. 
2. Find the sum of t» -vi and -• 

Here, a x d x f = adf \ 

c X b X f = cbf \ the new numerators. 

e X h X d =: ebd ) 
and b X d X f = hdf the common denominator. 

TT adf , cbf . ebd adf + cbf + ebd ^, 

^«°«^' Wf^^f^ur w — ' '^' '"^ 

Add the following : 

3a;2 2005 . ... 2abX'-Zcx^ 
3. a =- , and b H • Ans. a + b -\ 1 

C DC 



.XX . X 

4. — , -- , and — • 

2' 3' 4 

^ X — 2 , 4a; 

6. — - — and -z- • 

3 7 



Ans. i + 22 



Atis. 



6. x + 
1. 4aj, 



X 



and Sx + 
X + a 



205 — 3 



and 



3 

2a ' ' 205 

^ 2x 1x -205+1 

8. — , — - and 

3 ' 4 ' 6 

9. 4a;, ---, and 2 + -• 

9 5 



A71S. 4 -I- 



1905 — 14 

21 
10a5-- 17 



Ans. 4a5 + 



Ans. 2x + 



12 

5a^ -{- ax + a^ 
2ax 
49a5 + 12 



60 



Ans. 2 + 405 + 



44o5 
"46" 
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10. 3a; + — and x — —. Ans. Sx H --. 

o 9 46 

11. ac —• —- and 1 ^• 

Ans, 1 + ac — . 

Sad 

10 ^ 3 A ^ 

{x — 1)3' (as — 1)2' a; — 1 

- 4a? — 5a; + 4 

(a; - 1)^ 
13. rTT—j — r, 77- r, and -7- T- • -4n5. 



4(1 + a)' 4(1 - a) ' 2(1 - a^) 1 - a^ 



SUBTRACTION OF FRACTIONS. 

92. Fractions can only be subtracted when they have 
the same unit; that is, a common denominator. In that 
case, the numerator of the minuend, minus that of the sub- 
trahend, will indicate the number of times that the common 
unit is to be taken in the difference. Hence, the 

RULE. 

I. jReduce the two fractions to a common denomir 
inator : 

n. Then subtract the numerator of the subtrahend frovn 
that of the minuend for a new numerator^ and vyrite ths 
remainder over the common denominator, 

EXAMPLES. 

3 2 

1. What is the difference between - and - • 

7 8 

3 2 24 14 10 6 . 
= — = — = — • Ans. 

7 8 66 56 56 28 



92. What is the rule for subtracting fractions? 
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2. Find the difference of the J&*actions —-77— and — - — • 

„ J (a; — a) X 3c = 3ca; — 3ac ) ^, 

Here, i,^^ ^i ^, ,, ^, >• the numerators, 
' ( (2a — 4a;) x 2ft = 4aft — 8fta; ) 

and, 2ft X 3c = 6ftc the common denominator 

-T Sex— Sac 4aft— Sftoj 3ca;— 3ac— 4«ft+8ftaj . 

Hence, — -z -r = r? ^W5 

' 6ftc 6ftc 6ftc 

3. Required the difference of —r~ and -— • Ans. 



7 5 35 

St/ 37t/ 

4. Required the difference of 5y and ~ • Ans, —~ 

6. Required the difference of — and — • Ans. — - 

6. From ^ ^ subtract ^ "" ^ ' ^/i5. , ^^ 



X — y ^ + y x^ — y^ 

Y \ y A. z 1 

7. From subtract -^ r* Atis. - — — 

y — z y^ — z^ y^ —• z^ 

Find the differences of the following : 

^3a5+a ,2a;+7 . 24a; 4- 8a — lOfta; — 35ft 

8. — -T — and — Ans, -—z 

5ft 8 40ft 

^„ X - a; — a . ^ ,ca; + fta; — aft 

9. 3a; H- :7 and a; Ans, 2x H r 

ft c ftc 

,^ ,« — a; a + X . 4a; 

10. a H — 7 r and -7 — : • Ans, a — 



a(a + x) a{a — a;) * d^ — a;^ 



MULTIPLIOATION OF FKACTIONS. 

a c 

93. Let T and ■^, represent any two fractions. It has 

been shown (Art. 81), that any quantity may be multiplied 



9S. What is the rule for the miimpUiQiUiQn of fractions ? 

247847 






' < 



J ■■ 



r 
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by a fraction, by first multiplying by the numerator, and 

then dividing the result by the denominator. 

/T /» etc 

To multiply -^ by ^ , we first multiply by c, giving — ; 

then, we divide this result by <?, which is done by multiply- 

etc 
ing the denominator by d; this gives for the product, j-ji 

that is, 

a c ac ^ 

RULE. 

I. If there are mixed quantitieSy reduce them to a frao- 
tioncd form ; then^ 

n. Multiply the numerators together for a new numeror 
tor^ and the denominators for a new denominator, 

EXAMPLES. 

1. Multiply a H ^7 3* First, a -\ = ^-— , 

a a a a 

. a^ -{- bx c 0^0 + box . 

hence, X -^ = ^ — • Ans. 

a d ad 

Find the products of the following quantities : 

^ 2x Sab . Sac 

2. — , — , and ■—=- Ana. 9aa5. 

a c 2b 

o r^ . hx . a J ab + bx 

o. -\ and -• Ans. ' • 

ax X 

, a2 __52 a.2 + 52 aj* — 5* 

4. — = and -^ — : • Ans. 



be b + c ' b^c + bc^ 

, CB + 1 X — I . ao? — ax + x^ —1 

5. aj H , and — — =■ • Ans, ^— -_ 

a a -\- b a^ -^ ab 

, ax ^ a^ — x^ . a^ + a^ 

6. a H and r- • Ans. - 

a — X aj + o^ 05 + 0? 



.^ / / ' - , : ^y. ., ,. ^,, 



•. • * 



vr 






' ''^- -*:• V. '\»>c 
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1. Multiply ^-— g by — ^— • 

We have, by the rule, 

2a a2 - 52 _ 2a(a2 ~ b^) __ 2a(a + 5) (a - *) 



a — b 3 3{a — b) 3(a — b) 

After indicatuig the operation, we factored both numera- 
tor and denominator, and then canceled the common factors, 
before performing the multiplication. This should be done, 
whenever there are common factors, 

8. by ^. Ans, -^ — — ^' • 

SB — y "^ a a 

a;2 _ 4 4a. 4a./a. _ 2) 



y^ "^ X — \ 



y 

(a2 — 352) l+aj a — a? 

12. ^1 -^ by — I Ans, 

1— (B^ •'a+aJ 1—05 

13. 0, + -^^ by «--5L ^^. ^. 

SB — y " ai + y 

, . 2a — 6 - 6a — 25 . J — 3a 

16. ^-Vl by ? + y. ^m. ^-^i^. 

35 y aj a5^y 
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DIVISION OF FRACTIONS. 
P 1 

94. Since - = p X - , it follows that, dividing by a 
quantity is equivalent to multiplying by its reciprocal. But 
the reciprocal of a fraction, -^, is - (Art. 28) ; conse- 
quently, to divide any quantity by a fraction, we invert the 
terms of the divisor, and multiply by the resulting fraction. 
Hence, 

a ^ c __ a d _^ ad 

b ' d ~~ b c " be 

Whence, the following rule for dividing one fraction by 
another : 

RULE. 

I. Meduce mixed quantities to fractional forms : 

n. Invert the terms of the divisor^ and mvUiply the 
dividend by tJie resulting fraction. 

Note. — ^The same remarks as were made on fa^ctoritig 
and reducing^ under the head of Multiplication, are appli- 
cable in Division. 

EXAMPLES. 

1. Divide a — — by -• 

b 2ac — b 
2c 2c 

^ b f 2ac — b g 2<zcg — bg . 

Hence, a — — -f- ^ = — X '^ = — ^^?— ^- -^^• 

' 2c g 2c f 2(f 



94. What is the rule for the division of fractions? 
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2. Divide ^±^ by '^-^ . 

a ^ a 

2(a^ + y) ^ ^ ^ 2(a; + y) ^ a 

a a;2 - y2 a (« + y) (« - y) 

2 



« -y 



Ans. 



3. Let — - be divided by Aiis. • 

5 -^ 13 60 

4. Let -;— be divided by 5a;. Ans. — . 

1 ^ 35 

5. Let — - — be divided by — • Atu. — 3l_ . 

6 -^3 4aj 

6. Let be divided by - • Ans, • 

7. Let — be divided by -7 • A71S, — — • 

3 ^ ^h 2a 

^- ^"* -^ ^^ ^'"'^^^ ^^ Id • '^"'- -6^ ' 

Divide the folloAving fractions: 

4x^ — Sx , x^ — 4 . 4ic 

9. by • Ans. 



3-^3 aj 4- 2 

x^ — b^ - a;2 + &c . b^ 

zx 1. 4a;2 (a + by 

12. ?l:ii by (^il^^ ^n. (^3^'- 

y "^ a; — 1 2/ 

,^ a^ - aa , 3(c - x) J 4a(a2 - a;^) 



104 
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d — a? , 1 -f- a? 
14. ^ ^ by ^ 



X 



a + X 



15. 35^ by a? — 



X + y 



16. . , by 



2ab 



^- 2a^ 



n. ?l:r-i^ by. 5 + ?^ 

aj-y ' y X 



Ana. 



a' — aj^ 



-4n«. as + 



u4n5. 



^/i«. 



1 -ai» 


2ay 


x — y 


2a — b 


4a 


a^^-y* 



a; 



18. m2 4- 1 



— by m H hi. 



m 



m 



Ans. m -{ 1, 



19. 



\ 14- a^/ "^ \ 1 4- xyl ^ 



+ ^y 



^^ /aj 4- 2y . aj\ - /x + 2y x \ . 

20. I , ^ + ~) by (— ^— ^ ; — ]*An8.1. 

\x -h y y) ^ \ y x ^ yl 
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CHAPTER V. 

EQtTATIOKS OP THE TIEST DEGREE. 

95* Ak Equation is the expression of equality between 
two quantities. Thus, 

a; = 6 + c, 

is an equation, expressing the fact that the quantity a;, is 
equal to the sum of the quantities b and c. 

96* Every equation is composed of two parts, connected 
by the sign of equality. These parts are called members : 
the part on the left of the sign of equality, is called the^r*^ 
member / that on the right, the second member. Thus, in 
the equation, 

JB + a = 5 — c, 

X + a is the first member, and J — c, the second member, 

97* An equation of the^r«^ degree is one Avhich involves 
only the first power of the unknown quantity ; thus, 

6a; + 3a; — 5 =: 13; (1) 
and ax -\- bx -\' c :=:! d\ (2) 

are equations of the first degree. 

95. "What is an equation ? 

96. Of how many parts is every equation composed? How are the 
parts connected? What are the parts called? What is the part on the 
left called? .The part on the right ? 

97. What IS an equation of the first degree ? 

5* 
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9§« A NUMERICAL EQUATION is One in which the coeffi* 
cients of the unknown quantity are denoted by numbers. 

99* A LITERAL EQUATION is One in which the coefficients 
of the unknown quantity are denoted by letters. 

Equation ( 1 ) is a numerical equation ; Equation ( 2 ) k a 
literal equation. 

EQUATIONS OF THE FIRST DEGREE CONTAINING BUT ONB 

UNKNOWN QUANTITY. 

100. The Transformation of an equation, is the opera- 
tion of changing its form without destroying the equality 
of its members. 

101. An Axiom is a self-evident proposition. 

102. The transformation of equations depends upon the 
following axioms: 

1. If equal quantities be added to both members of an 
equation^ the equality/ will not be destroyed. 

2. J^ equal quantities be subtracted from both membere 
of an equation^ the equality will not be destroyed, 

3. If both members of an equation be multiplied by the 
same quantity^ the equality will not be destroyed, 

4. If both members of an equation be divided by the same 
quantity^ the equality will not be destroyed, 

5. Like powers of the two members of an equation are 
equal, 

6. Like roots of the two members of an equation are 
equal, 

98. What is a numerical equation ? 

99. What is a literal equation ? 

100. What is the transformation of an equation ? 

101. What is an axiom ? 

102. Name the axioms on which the transformation of an equation 
d^xycndfi. 
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103. Two principal transformations are employed in the 
solution of equations of the first degree : Clearing of frao- 
tiofiSy and Transposing. 

CLEARING OP FRACTIOXS. 

« 

1. Take the equation, 

T "" T "^ 6 "= ^ • 

The least common multiple of the denominators is 12. If 
we multiply both members of the equation by 12, each term 
will reduce to an entire form, giving, 

8a; — 9a; + 2a; = 132. 

Any equation may be reduced to entire terms in the same 
manner. 

104. Hence for clearing of fractions, we have the fol- 
lowing 

RULE. 

I. Find the least common multiple of the denominators : 
n. Multiply both members of the equation by it, reduc- 
ing the fractional to entire terms, 

Note. — 1. The reduction will be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the corresponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplying 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

108. How many transformations are employed in the solution of equa- 
tions of the first degree ? What are they ? 

104. Give the rule for clearing an equation of fractions ? In what three 
waya may tiie reduction be effected ? 
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3. The transformation may also be effected, by rmfltiplying 
both members of the elation by any multiple of the cfe- 
nominatora. 

EXAMPLES. 

Clear the following equations of fractions: 

1. I + I — 4 = 3. Am. 7» + 5a5 — 140 = 105. 

2. r + ;: — rrr = 8. Ans. 9aj + 6a; — 2a; = 432. 
6 9 27 

„ a; . a; x ^ x 

2 3 9 12 

Am. 18a; + 12a; — 4a; + 3a; = 720. 

fl* ^y o* 

4. e + t; — o = 4' -^^^' l^^J + 10a; — 35a; = 280. 
o 7 2 

O* />• O* 

6. 7 — r + - = 15. ^^15. 15a — 12a; -f 10a; = 900. 

4 5 o 

a; — 4 a;— 2 5 

6. = -. 

3 6 3 

-4/w. — 2a; + 8 — a; + 2 = 10. 

X 3 

7. r 1- 4 = - • Ana. 5a; + 60 — 20a; = 9 — 8a^ 

3 — a; 5 

i^ X X . X . X 

Ans. 18a; — 12a; + 9a; + 8a; = 864. 

Cb C 

9. 7 — -^ + / = ^. Ans. ad — be + hdf = bdg. 
,^ ax 2cf^x . , 4bc^x 5a^ , 2c^ „, 

The. least common multiple of the denominators is a^b^ ; 
a^bx — 2a^c^ + 4a*J2 - 453^23. _ s^e + 2a252c8 - Ba^b\ 
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TBANSPOSING. 

105* Tkansposition is the operation of changing a term 
from one member to the other, without destroying the 
equality of the members. 

1. Take, for example, the equation, 

5a; — 6 = 8 + 2a;. 

If, in the first place, we subtract 2x from both members 
the equality will not be destroyed, and we have, 

6a; — 6 — 2a; = 8. 

Whence we see, that the term 2a;, which was additive in 
the second member, becomes subtractive by passing into 
the first. 

In the second place, if we add 6 to both members of the 
given equation, the equality will still exist, and we have, 

6a; — 6 — 2a5 + 6 = 8 + 6, 

or, since — 6 and -f 6 cancel each other, we have, 

6a; — 2a; = 8 + 6. 

Hence, the term which was subtractive in the first member, 
passes into the second member with the sign of addition. 

106. Therefore, for the transposition of the terms, we 
have the following 

BTJLE. - 

Any term may he transposed from one member of an 
equation to the other^ if the sign be changed. 

105. What is transposition ? 

106. What is the rule for the transposition of the terms of an equation? 
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EXAMPLES. 

Transpose the unknown terms to the first member, and 
the known terms to the second, m the following : 

1. 3a5 + 6 — 6 = 2a; — 7. Ans. 3a; — 2a5= —7 — 6+6. 

2. ax + b = d — ex. Ans. ax + ex = d — b. 

3. 4a; — 3 = 2a; + 5. Ans.. 4a; — 2a; = 6 + 3. 

4. 0a; + c = ca3 — cf. Ans. 9x — ex = — d — c. 
6. ax -\- f = dx + b. Ans. ax — dx = b — f. 
6. ^x — e ^ — a;x -\- b. Ans. 6a; + oa; = J + c. 



SOLUTION OF EQUATIONS. 

107. The Solution of an equation is the operation of 
finding such a value for the unknown quantity, as will 
satisfy the equation ; that is, such a value as, being sub- 
stituted for the unknown quantity, will render the two mem- 
bers equal. This is called a root of the equation. 

A Root of an equation is said to be verified^ w^hen being 
substituted for the unknown quantity in the given equation, 
the two members are found equal to each other. 

1. Take the equation, 

3a; 4(x - 2) 

Y - 4 _- - + 3. 

Clearing effractions (Art. 104), and performing the opera- 
tions indicated, we have, • 

12a; — 32 = 4a; — 8 + 24. 



107. What is the solution of an equation ? What is the found value 
of the tmknown quantity called ? When is a root of an equation said to 
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Transposing all the unknown terms to the first member, 
and the known terms to the second (Art. 106), we have, 

12a; — 4a5 = — 8 + 24 + 32. 

Reducmg the terms in the two members, 

Sx = 48. 

Dividing both members by the coefficient of «, 

X = —- =z e. 

8 



VERIFICATION. 

+ 3 ; or, 



3X6 _ 4(6 - 2) 



2 8 

+ 9 — 4 = 2 + 3 = 5. 

Hence, 6 satisfies the equation, and therefi)re, is a root, 

108. By processes similar to the above, all equations of 
the first degree, containing but one unknown quantity, may 
be solved. 

RULE. 

I. Clear the eqv>ation of fractions^ and perform aU the 
indicated operations : 

n. Transpose all the unlcnoicn terms to the first member^ 
and all the known terms to the second member : 

in. Meduce aU the terms hi the first member to a single 
term^ one factor of which will be the unknown quantity^ 
and the other factor will be the algebraic sum of its coeffi- 
cients : 

IV. Divide both members by the coefficient of the unhiotort 
quantity : the second member will then be the value of the 
unknown quantity. 

108. Give the rule for solving equations oi' the first degree with ono 
Unknown qfuantity. 
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EXAMPLES. 

1. Solve the equation, 

12 T "" 8 6" * 

Clearing of fractions, 

lOaj — S2x — 812 = 21 — 52a;. 

By transposing, 

lOaj — 32aj + 52a; = 21 + 312. 

By reducing, 30a; = 333; 

, 333 111 

hence, „;=: — = —= 11.1; 

a result which may be verified by substituting it for x in 
the given equation. 

2. Solve the equation, 

(3a — x) {a — b) + 2ax := 4b(x + a). 

Performing the indicated operations, we have, 

3a2 — aa; — Sab + ^ + 2aa5 = 4bx + 4ai. 
By transposing, 

—' ax + bx + 2ax — 4bx = 4ab + Sab — 3aK 
By reducing, ax — Sbx = 7a6 — 3a2 ; 

Factoring, (a — 3J)a; = 7ab — 3a^. 

Dividing both members by the coefficient of a;, 

lab - Sa'^ 

8. Given 3a; — 2 + 24 = 31 to find x. Ans. a; = 3. 
4. Given a; + 18 = 3a; — 5 to find x, Ans. x = 11^. 
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5. Given 6 — 2a; + 10 = 20 — 3a; — 2, to find x. 

Arts. X =z 2, 

6. Given x + ^x + ^x = 11, to find x. Arts, a; = 6. 

7. Given 2a; — ^a; + 1 = 6a; — 2, to find x. 

Ans. «; = •}. 

Solve the following equations: 

a , . 6 — Za 

8. Zax + - — 3 = ox -- a. Ana, x = -= • 

2 6a — 2^ 

^ a; — 3 , a; a; — 19 . ^^- 

9. — [- Q = 20 r Ans. a; = 23|- • 

_^a; + 3,a; . x — b . 

10. -y- + 3=4 —' Ans. X = 3yV 

11. 7 -f- a; = -— — 3. Ans. a; = 4. 

4 2 o 

,„ 3aa; 2&b ^ . . cdf + ^cd 

c d "^ 3ae? — 2Jc 

,« ^"-<^ 2a; — 36 a — a; ,^ .,,, 

^^- -3 5 2- = ^^« + "*• 

Ans. X = 25a + 24&. 

,„ a 4- <5 , a — c 2J2 a^ — b^ 

15. — ; = -7[ = Ans. X = • 

a -hx a — X a^ — x^ c 

,^ Soa; •— b 36 — c , , 

16. z ^- — = 4 — 6. 

7 2 

66 + 96 - 7c 

Ans. X = • 

16a 

_. a; a; — 2 , a; 13 . 

11. ---^ + ^ = ^. 4n.. a; = 10. 



X 
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X X X X 
18. 5 _ ^ + ? _ ^ 33 /. 

a c d "^ 

Ans, X = 



abcdf 



bed — acd + abd — abc 



NoxB. — ^What is the numerical value of aj, when a = 1, 
6 = 2, c = 3, c? = 4, and / = 6 ? 

19. H — -g- ^ = — 12JJ- -4n«. 85 = 14. 

3aj — 5 , 4a; — 2 . , . 

20. X 1 — = aj + 1. Ans. x = 6. 

m 

21. 35 + - + - — - = 2a5 — 43. Am. x = 60. 

4 o 6 

«« « 4a; — 2 3aj — 1 . 

22. 2a5 — = — Ans. x = 3. 



^^ ^ , bx — d , . Sa -h d 

23. 3a5 -J — = a5 + a. Ans. x = 



Q -t b 



ax — b , a bx bx — a 

24. h - = t; 



4 3 2 3 

Zb 



Alls. X = 



3a— lb* 



4x 20 — 4a5 16 . 2 

25. = — • Ans. X = 3--« 

6 — 35 a; 35 11 

^^ 2a5 4- 1 402 — 3a5 ^ 471 — 6a; 

26. = 9 • 

29 12 2 

Ans. X = 72. 

a —■ b a + 5 b 

__ «* + 3«^^ + 4a2J2 __ Qab^ + 25* 
2b(2a^ + ab — b^) 
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/ 

PROBLEMS. 

109. A Pkoblem is a question proposed, requiring a 
solution. 

The Solution of a problem is the operation of finding a 
quantity, or quantities, that will satisfy the given conditions. 

The solution of a problem consists of two parts : 

L The STATEMENT, wMch consists in expressing^ cUgebra- 
icaUy^ the relation between the known and the required 
quantities. 

n. The SOLUTION, which consists in finding the values 
of the unknown quantites^ in terms of those which are 
known. 

The statement is made by representing the unknown 
quantities of the problem by some of the final letters of the 
alphabet, and then operating upon these so as to comply 
with the conditions of the problem. The method of statmg 
problems is best learned by practical examples. 

1. What number is that to which if 5 be added, the sum 
will be equal to 9 ? 
Denote the number by x. Then, by the conditions, 

a; + 5 = 9. 
This is the statement of the problem. 

To find the value of a?, transpose 5 to the second member; 

then, 

aj = 9 — 6 = 4. 

This is the solution of the equation. 

VERIFICATION. 

a; + 5 = 9. 

109. What is a problem ? What is the solution of a problem ? Of 
how many parts does it consist? What are they? What is the state- 
ment? What is the solution ? 
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2. Find a number such that the sum of one-half, one-third, 
and one-fourth of it, augmented by 45, shall be equal to 448, 

Let the required number be denoted by x, 

— « SB 

Then, one-half of it will be denoted by -, 
one-third " " by 



one-fourth " " by 

and, by the conditions. 



X 
X 

4.' 



1 + 1 + 1+46 = 448. 

This is the statement of the problem. 

Clearing of fractions, 

6x -h 4x + Sx + 640 = 6376 ; 
Transposing and collecting the unknown terms, 

13aj = 4836; 

hence. - = '-?? = 3^2. 

VERIFICATION, 
ofro S72 372 

t^ + ^ + ^ + 45 = 186 -f 124 + 93 -t- 46 == 448. 

3. What number is that whose third part exceeds its 
fourth by 16 ? 

Let the reqmred number be denoted by x. Then, 

~x = the third part, 

jX = the fourth part ; 
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and, by the conditions of the problem, 

-« — -«= 16. 
3 4 

This is the statement. Clearing of fractions, 

4x — 3x z= 192, 
and hence, x = 192. 

VERIFICATION. 

192 192 

— f- = 64 - 48 = 16. 

3 4 

4. Divide $1000 between -4, JB^ and (7, so that A shall 
have $'72 more than J9, and O $100 more than -4. 

Let X denote the number of dollars which £ received. 

Then, x = B^s number, 

a; + 72 = A^s number, 
and, aj + 172 = (7'5 number; 

and their sum, Zx + 244 = 1000, the number of dollars. 

This is the statement. By transposing, 
3a; = 1000 — 244 = 756 ; 

and, X = — - = 252 = B^s share. 

Hence, a? + 72 = 252 + 72 = 324 = A^a share, 
and, aj + 172 = 252 + 172 = 424 = (7'5 share. 

VERinCATIOX. 

252 + 324 + 424 = lOQO. 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full : how much did it 
hold? 
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Let X denote the number of gallons. 

X 

Then, - = the number that had leaked away. 

o 
X 

and, -4-21 = what had leaked and been drawn, 

.—* X X 

Hence, by the conditions, - + 21 = - • 

o 2 

This is the statement. Clearing of fractions, 

2x + 126 = 3aj, 
and, — aj = — 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equivalent to multiplying 
both members by — 1), we have, 

x 7= 126. 



VERIFICATION. 

126 126 

— + 21 = 42 + 21 = 63 = -- 



6. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together : what waa 
the weight of the fish ? 

Let 2x = the weight of the body, in pounds. 

Then, 9 + x = weight of the head ; 

and since the body weighed as much as both head and tail, 

2aj = 9 + 9 + a, 
which is the statement. Then, 

2ic — jc = 18, and x = 18. 
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Hence, vre have, 

2x = 36lb. = weight of the body, 
9 + a? = 27lb, = weight of the head, 
9lb. = weight of the tail ; 

hence, '721b. = weight of the fish. - 

7. The sum of two numbers is 6*7, and their difference 19 
what are the two numbers ? 

Let X denote the less number. 

Then, a; + 19 = the greater; and, by the conditions, 

2a5 + 19 = 67. 

This is the statement. Transposing, 

2a; = 67 — 19 = 48; 

48 
hence, a; = — = 24, and a; 4- 19 = 43. 

' 2 

VERIFICATION. 

43 + 24 = 67, and 43 — 24 = 19. 

ANOTHER SOLUTION. 

Let X denote the greater number. 

Then, a; — 19 vnH represent the less, 

and, 2aj — 19 = 67; whence 2a5 = 67 + 19. 

^ ^ 86 

Therefore, a? = --- = 43 ; 

and, consequently, as — 19 = 43 — 19 = 24. 

GENERAL SOLUTION OF THIS PROBLEM. 

The sum of two numbers is 5, their difference is d: what 
are the two numbers ? 
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Let X denote the less number. 

Then, x + d will denote the greater, 
and 2x + d = «, their sum. Whence, 

s ^ d s d 

and, consequently, 

2 2 2 2 

As these two results are not dependent on particular 
values attributed \o s ox d^ it follows that : 

1. The greater of two numbers is equal to Judf their suvjij 
plus half their difference : 

2. The less is equal to half their sum^ minus half their 
difference. 

Thus, if the sum of two numbers is 32, and their differ- 
ence 16, 

32 16 
the greater is, — + --- = 16 + 8 = 24 ; and 

.r. 1 32 16 

the less, — -=16 — 8= 8. 

VERIFICATIOX. 

24 + 8 = 32; and 25 — 8 = 16. 

8. A person engaged a workman for 48 days. For each 
day that he labored he received 24 cents, and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 504 cents. Required^ tJie nuniber of working daySy 
and the number of days he was idle. 

If the nuniber of working days, and tlie number of idle 
days, were known, and the first nuiltiplied by 24, and the 
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second by 12, the difference of these products would be 
604. Let us indicate these operations by means of algebraic 
signs. 

Let X denote the number of working days. 

Then, 48 — aj = the number of idle days, 
24 X « = the amount earned, 
and, 12(48 — «) = the amount paid for board. 

Then, 24a; - 12(48 — aj) = 504, 

what was received, which is the statement. 

Then, performing the operations indicated, 

24a; — 576 + 12a; = 504, 
or, 36a; = 504 + 5Y6 = 1080, 

and, X = = 30, the number of working days ; 

whence, 48 — 30 =18, the number of idle days. 

VERIFICATION. 

Thirty days' labor, at 24 cents ) ^^ ^, .^^ 
, ^ X h 30 X 24 = 720 cents. 

a day, amounts to ) 

And 18 days' board, at 12 cents ) ,„ ,^ ^,^ 
, \ ^ ' M8 X 12 = 216 cents. 
a day, amounts to ) 

The difference is the amount received .... 504 cents. 

GENERAL SOLUTION. 

This problem may be made general, by denoting the whole 
number of working and idle days, by n ; 

The amount received for each day's work, by a ; 

The amount paid for board, for each idle day, by b ; 

And what was due the laborer, or the balance of the 
account, by c. 
6 
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As before, let the number of working days be denoted 
by a. 

The number of idle days will then be denoted by n — 05. 

Hence, what is earned will be expressed by ax^ and the 
sum to be deducted, on account of board, by h{n — o^. 

The statement of the problem, therefore, is, 

ax — h(n — a;) = c. 
Performing indicated operations, 

ax -- hn -^^ hx =z c^ or, (a + V)x = c + bn; 

whence, x = ^ = number of working days ; 

, C'\-hn an-\' hn^c—hn 

and, n — x z= n — =- = —r , 

a-\-o a-hb 

aTh — c 
or, n — 05 = 7- = number of idle days. 

Let us suppose ti = 48, a = 24, J = 12, and c = 504 ; 
these numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelfth to a servant, 
and the remaining |600 to the poor ; what was the amount 
of the property ? 

Let X denote the amount, in dollars, 

X 

Then, ~ = what he left to his wife, 

X 

- = what he left to one daughter, 

2x X 
and, -— = - what he left to both daughters, 

6 3 

X 
also, — = what he left to his servant, 

and, $600 = what he left to the poor. 
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Then, by the conditions, 

X OS CR 

- + - + r-- -h 600 = a, the amount of the property, 

which gives, x = $7200. 

10.-4 and £ play together at cards. A sits down with 
$84, and JB with $48. Each loses and wins in tuni, when 
it appears that A has five times as much as JB, How much 
did A win? 

Let X denote the number of dollars A won. 

Then, A rose with 84 + a; dollars, 

and JB rose with 48 ■— a; dollars. 

But, by the conditions, we have, 

84 + a; = 5(48 - a), 
hence, 84 + aj = 240 — 5x; 

and, Ca; = 156, 

consequently, aj = 26 ; or ^ won $26. 

VERIFICATION. 

84 + 26 = 110 ; 48 — 26 = 22; 

110 = 5(22) = no. 

11. ^ can do a piece of work alone in 10 days, ^ in 13 
days ; in what time can they do it if they work together ? 

Denote the time by a, and the work to be done, by 1. 
Then, in 

1 day, A can do --- of the work, and 

JB can do — of the w^ork ; and in 
13 ' 

X 

X days, A can do — of the work, and 

X 

B can do -- of the work. 
13 
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Hence, by the conditions, 

1 — - = 1^ which gives, 13a; + lOaj = 130; 

130 
hence, 23a; =130, x = — — = 5^4 days. 

' 12. A fox, pursued by a hound, has a start of 60 of his 
own leaps. Three leaps of the hound are equivalent to 7 of 
the fox ; but while the hound makes G leaps, the fox makes 
9 : how many leaps must the hound make to overtake the 
fox? 

There is some difficulty in this problem, arising from the 
different units which enter into it. 

Since 3 leaps of the hound are equal to 7 leaps of the fox, 

7 

1 leap of the hound is equal to - fox leaps. 

3 

Since, while the hound makes 6 leaps, the fox makes 9, 

9 8 

while the hound makes 1 leap, the fox will make ^ ? or - 

leaps. 

Let X denote the number of leaps which the hound makes 

before he overtakes the fox ; and let 1 fox leap denote the 

unit of distance. 

7 
Since 1 leap of the hound is equal to - of a fox leap, x 

leaps will be equal to -x fox leaps ; and this will denote the 

distance passed over by the hound, in fox leaps. 

Since, while the hound makes 1 leap, the fox niakes - 

3 

leaps, w^hile the hound makes x leaps, the fox makes -05 leaps ; 

and this added to 60, his distance ahead, will give 
'-X + 00, for the whole distance passed, over by the fox. 
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Hence, from the conditions, 

-x = -X + 60: whence, 
3 2' 

14a5 = 9a; + 360 ; 

X = 72. 

The hound, therefore, makes 12 leaps before overtaking 

g 

the fox; in the same time, the fox makes 72 x - = 108 
leaps. 

VERTFICATTOX. 

108 + 60 = 168, whole number of fox leaps,. 
72 X ^ = 168. 

13. A father leaves his property, amounting to $2520, to 
four sons, A^ 2?, (7, and D, O is to have $360, JB as much 
as C and D together, and A twice as much as JB, less $1000 : 
how much do -4, JBy and D receive ? 

A91S. ^,$760; ^,$880; 7>, $520. 

14. An estate of $7600 is to be divided among a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what ^tiis her share, and what 
the share of each child ? 

{Widow's share, $4000. 
Each son's, ' 1000. 
Each daughter's, 500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the childreji 20 more than the men and women 
together : how many of each sort in the company ? 

A?is. 44 men, 36 women, 100 children. 
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16. A father divicles $2000 among five sons, so that each 
elder should receive S40 more than liis next younger bro- 
ther : what is the share of the youngest ? Ajis. $320. 

17. A purse of $2850 is to be divided among three per- 
sons, A, 7y, and (7. A'^s share is to be to jK's as 6 to 11, 
and C is to have $300 more than A and JB together: what 
is each one's share? A'^s, $450 ; JPs, $825 ; 0% $1575. 

18. Two pedestrians start from the same point and travel 
in the same direction ; the first steps twice as far as the 
second, but the second makes 5 steps while the first makes 
but one. At the end of a certain time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how far will each have traveled ? 

A71S. 1st, 200 feet ; 2d, 600. 

19. Two cai^penters, 24 journeymen, and 8 apprentices 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman, half a dollar, and 
each apprentice, 25 cents : how many days were they em- 
ployed ? A718. 9 days. 

20. A capitalist receives a yearly income of $2940 ; four- 
fiflhs of his money bears an interest of 4 per cent., and the 
remainder of 5 per cent. : how much has he at interest ? 

A718, $70000. 

21. A cistern containing CO gallons of water has three 
unequal cocks for discharging it ; tlie largest will empty it 
in one hour, the second in two hours, and the third, in three: 
in what time will the cistern be emptied if they all run to- 
gether ? A718. 32 /y min. 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees ; there tire also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orchard ? Ans, 2400. 

23. A farmer being asked how many sheep he had, 
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answered, that he had them in live liolds ; in the 1st he had 
j-, in the 2d, ^, in the 3d, |, and in the 4th, yV, and in the 
5th, 450 : how many had he ? A}is, 1200. 

24. My horse and saddle togetlier are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse? A?is, $120. 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that, from which if 5 be subtracted, 
I of the remainder will be 40? Ans. 65. 

27. A post is i in the mud, -J- in the water, and 10 feet 
above the water : what is the whole length of the post ? 

A?fs, 24 feet. 

28. After paying J- and i of my money, I had 60 guineas 
left in my purse : how many guineas were in it at first ? 

A7is. 120. 

29. A person was desirous of giving 3 pence apiece to 

some beggars, but found he had not money enough in his 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 11. 

30. A person, in play, lost J of his money, and then won 
3 shillings ; after which he lost ^ of what he then had ; and 
this done, found that he had but 12 shillings remaining: 
what had he at first ? A?i8, 20s,. 

31. Two persons, A and j5, lay out equal sums of money 
in trade; A gains $126, and J) loses $87, and A'^s money is 
then double of J5'5 : what did each lay out? Ans, $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
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again as much money as was left, he wont to a third tavern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had lell : and again s^iending 2 shillings at a fourth 
tavern, he then had nothinor reinaininjj. "What had he at 
fii'st ? Ans, Ss. 9d. 

X^, A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 
142 yards. IIow many yards in each piece? A?is» 54. 

o4. A fortress is garrisoned by 2000 men, consisting of 

hifantry, artillery, and cavalry. Now, there are nine times 

as many infantry, and three times as many aililleiy soldiers 

as there are cavalry. IIow many are there of each corps? 

A/is. 200 cavalry; COO artillery ; 1800 infimtry. 

35. All the journeyings of an individual amounted to 2970 
miles. Of these he traveled 3^ times as many by water as 
on horseback, and 2 J times as many on foot as by water. 
How many miles did he travel in each way ? 

A?is. 240 miles; 840 m. ; 1890 m. 

30. A sum of money was divided betw(?en two ])ersons, 
A and JB, A'*s share was to J?'5 hi the proportion of 5 to 8, 
and exceeded five-ninths of the entire sum by 50. What 
was the share of each ? A}is. ^'5 share, 450; i?'s, 270. 

37. Divide a number a into three such parts that the 

second shall be 7i times the first, and the third m times as 

great as the first. 

a ^^ na ^, ma 
1st, : 2d, ; So, • 

38. A father directs that $1170 shall be di^^ded among 
his three sons, in proportion to their ages. The oldest is 
twice as old as the youngest, and the second is one-third 
older than the youngest. How much was each to receiye? 

■ 

^ ^ f ' ■■■■.■ ^. .- .' .)y -. .-' 

w /■'•'' • .- . . . I - • " * ■ / -• 
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39. Three regiments are to funiish 594 men, and each to 
furnish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

A71S, 1st, 144 men ; 2d, 240 ; 3d, 210. 

40. Five heirs, A^ J3^ (7, 2>, and JH^ are to divide an inher- 
itance of $6600. J5 is to receive twice as much as A^ and 
$200 more ; C three times as much as A^ less $400 ; J) the 
half of what J3 and C receive together, and 150 more; and 
E tlie fourth part of wliat the four others get, plus $475. 
How much did each receive V 

A's^ $500; i?'5, 1200; C's, 1100; JD's, 1300; E's, 1500. 

41. A person has four casks, tlie second of wliich being 
filled from the first, leaves the first four-sevenths full. Tlie 
third being filled from the second, leaves it ohe-fourth full, 
and when the third is emptied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first will fill the third 
and* fourth, and leave 15 quarts remaming. How many 
gallons does each hold ? 

Ans. 1st, 35 gal. ; 2d, 15 gal. ; 3d, 11 J gal. ; 4th, 20 gal. 

42. A Conner having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? A71S, 8. 

43. A courier goes 31^ miles every five houi*s, and- is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22 J miles every three hours. How many 
hours before he will overtake the first ? Ans. 42. 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other at the rate of 3J 
miles per hour. Eight hours after, a person departs from 

6* 
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the second i)laco, and travels at the rate of 6^- miles per hour. 
How long before they will be together ? 

Ans. 6 hours. 

EQUATIONS COXTAINIXG T^'O UNKNOWN QUANTITIES. 

IIO. If we have a single equation, as, 

2aj + 3y = 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, 

21 - 3y 
^ = o— (10 

Now, if the value of y is unknown, that of x will also be 
unknown. Hence, from a smr/Ie equation, containing two 
unknown quantities, the value of x cannot be determined. 

If we have a second equation, as, 

5a; + 4y = 35, 

we may, as before, find the value of x in tei*ms of y, giving, 

35 — 4y , ^ . 

a = 5—^ (2.) 

Now, if the values of x and y arc the same in Equations 
(1) and (2), the second members maybe placed equal .to 
each other, giving, 

21 — 3y 35 — 42/ ,^^ ,^ ^,^ 

—-^ = g—^ , or 105 — 15y = 70 - 8y ; 

from which we find, y = 6. 



110. In one equation containing two unknown quantitios, can you find 
the value of either ? If you have a second Equation involving the same 
two unknown quantities, can you find their values ? "What are such equa- 
tions callc^ ? 
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Subtituting this value for y in Equations ( 1 ) or ( 2), Tve 
find CB = 3. Such equations are called Simultaneous 
equations. Hence, 

111. Simultaneous Equations ure those in which the 
values of the unknown quantity are the same in both. 

ELIMINATION. 

112. Elimination is the operation of combining two 
equations, containing two unknown quantities, and deducing 
therefrom a single equation, containing but one. 

There are three principal methods of elimination : 

1st. By addition or subtraction. 
2d. By substitution. 
3d. By comparison. 

We shall consider these methods separately. 

JEli7ninatio7i by Addition or Subtraction, 

1. Take the two equations, 

3aj — 2y = 7, 
8a; 4- 2y = 48. 

If we add these two equations, member to member, we 

obtain, 

11a; = 55; 

which gives, by dividing by 11, 

a; = 5; 

and substituting this value in either of the given equations, 

we find, 

y = 4. 

111. Wbat arc simultaneous equations? 

112. What is elimination? How many methods of elimination are 
there ? What are they ? 
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2. Agab, take the equations, 

8a; 4- 2y = 48, 
3a; 4- 2y = 23. 

If we subtract the 2(1 equation from the 1st, we obtaiD, 

6a; = 25; 

which gives, by dividing by 5, 

X = 5; 

and by substituting tliis value, we find, 

y = 4. 

3. Given the sum ol two numbers equal to *, and their 
difference equal to c?, to find the numbers. 

Let X = the greater, and y the less number. 

Then, by the conditions, x + j/ == s, 

and, X — j/ = d. 

By adding (Art. 102, Ax. 1), 2x = s -]- d. 

By subtracting (Art. 102, Ax. 2), . , . 2^ = s -^ d. 

Each of these equations contains but one unknown quantity. 

From the first, we obtain, a; = — — . 

2 ' 

and from the second, V = LZLz. 

^ 2 

These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when the 
laborer received 504 cents. Required the number of work- 
ing days, and the number of days he was idle. 
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Let X = the number of working days, 

y = the number of idle days. 

Then, 24a5 = what he earned, 

and, 12y = what he paid for his board. 

Then, by the conditions of the question, we have, 

a; 4- y = 48, 
and, 24a; — 12y = 504. 

This is the statement of the problem. 

It has already been shown (Art. 102, Ax. 3), that the two 
members of an equation may be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coefficient of ic in the 
second ; we shall then have, 

24a; -f 24y = 1152 
24a; — 12y = 604 

and by subtracting, 36y = 648 

648 






Substituting this value of y in the equation, 
24a; — 12y = 504, we have, 24a — 216 = 504; 
which gives, 

720 
24» ~ 604 -f 216 = 720, and a; = -— - = 30. 

24 

VERIFICATION. 

X + y = 48 gives 30 + 18 = 48, 

2ix — 12y = 604 gives 24 X 30 — 12 X 18 = 604. 



134 
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113. In a similar manner, either miknown quantity may 
be eliminated from either equation ; hence, the following 



RULE. 



I. Prepare the eqicatiofis so tJiat the coefficients of tJie 
qua7ititf/ to be elimijiated shall be numerically equal: 

II. If the signs are unlike^ add the equatio?is, member 
to member / if alike, subtract tliem, member from member. 



EXAMPLES. 



Find the values of x and y, by addition or subtraction, 
in the following simultaneous equations : 



( y + 2a; = 7 ) 

6 J 4a; - Vy = • 

( 5a5 + 2?/ = 

^ J 2a; + 6y = 42 ) 

( 8a; — 6y = 3 ) 

g ( 8a; - 9y = 1 ) 

( 6a; — 3v = 4a; ) 



22 
37 



\ 



9 



j 1435 — 15y = 12 ) 
* ( 7aj -f 8v = 37 ) 



10. I 



11^ 
2«5 + 3^ = 6 

3^ + 2^^ = 6i 



I z^; + -y = 4 
11. ^ 



X 



y = - 2j 



Ans, a; = 2, y = 3. 



Ans. a; = 6, y = 6. 



Ans, a; = 4^, y = 5J. 
A71S. a; = J, y = |. 



A71S, a; = 3, y = 2. 



-4w5. < a; = 6, y = 9. 



4w5. < a; = 14, y = 16. 



118. What is th^ mle f^r elimination by addition or subtracttoa? 
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12. Says A to J5, you give me $40 of your money, and 
I shall then have five times as much as you Avill have left. 
Now they both had $120 : how much had each? 

Ans. Each had $60. 

13. A father says to his son, " twenty years ago, my age 
was four times yours; now it is just double:" what were 
their ages ? . i Father's, 60 years. 

( Son's, 30 years. 

14. A father divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spent $500, and the 
younger made $2000, when it appeared that the younger had 
just double the elder: what had each from the father? 

. j Elder, $4000. 
' I Younger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number; but if Charles give 15 to John, John will 
have 15 times as many, wanting 10, as Charles will have left. 

How many has each ? a \ *^^^"9 ^^* 

" n«. I Q|jjjj.|gg^ 20. 

16. Two clerks, A and B^ have salaries which are together 
equal to $900. A spends -j^ per year of what he receives, 
and B adds as much to his as A spends. At the end of the 
year they have equal sums : what was the salary of each ? 

A's = $500. 
$400. 

Elimination hy SuhstitKtion, 
114. Let us again take the equations, 

6a5 + Ty = 43, ( 1.) 

11a; + 9?/ = 69. (2.) 

114. Give the rule for elimination by substitution. Wheta is this method 
tised to the greatest advant2ge ? 



^"*- 1 tl = 
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' • - - - - ; 7 



Find the value of x in the first equation, which gives, 

<^ _ 43 - 7y 

Substitute this value of cc in the second equation, and we 
have, 

43 - Tv 
11 X ^— ^ + 9y = 69; 

5 
or, 473 — 111/ -f 45y = 346 ; 

or, — 32y = — 128. 

Here, x has been eliminated by substitution » 

Li a similar manner, we can eliminate any unknown quan- 
tity ; hence, the 

nuLE. 

I. Fi7id from either equation the value of the unknown 
quantity to be eliminated : 

n. Substitute this value for that quantity in the other 

equation, 

Note. —This method of elimination is used to great advan- 
tage when the coefficient of either of the imknown quantities 
is 1. 

EXAMPLES. 

Find, by the last method, the values of x and y in the 
following equations : 

V 1. 3a5 — y = 1, and 3y -^ 2x = 4. 

Ans» flj = 1, y = 2. 

\ 2. 5y — 4cB = — 22, and 3y + 4a; = 88. 

Ans. CB = 8, y s= 2. 

/ 8. aj + 8y = 18, and y — 3a; = — 29. 

Ans. a; = 10, y = 1. 
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2 

4. 5aj -- y = 13, and 8aj -f -y = 29. ' ' 

Ans. aj = 3|, y = 4^. 



y ^ .n .^^ ,^.. _? 

7 

^n5. a; = 7, y = 6. 



6. lOa — ^ = 69, and lOy — - = 49. 
5 7 



6. ^+lx-'{ = 10, and | + |^ = 2. 



^715. a = 8, y = 10. 
^W5. aj = 15, y = 14. 



^" f-|+^ = ^' ''+5 = ^^*- 



8. ^ + o -f 3 = 6i, and ^ - - = - . 
23 "' 47 2 



u4n5. aj = 3^, y = 4. 

2 16 

-4;w. a; = 12, y = 16. 



9. ? « ? ^- 6 = 5, and — - ii = 0. 
8 4^ ' 12 16 



10. ^ - ~ - 1 = - 9, and 5aj - ^ = 29. 
7 2 ' 49 

Ans. X = G^ y = 7. 

11. Two misers, A and J?, sit down to count over their 

monej. They both have $20000, and JB has three times as 

much as A : how much has each ? , ^ Aw/^^^ 

. j -4, f oOOO. 

^''*' I ^,$15000. 

12. A person has two purses. If he puts $7 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts $7 into the second, the whole is worth five 
times as much as the first : what is the value of each purse ? 

Ans. Ist, |2 ; 2d, $3. 
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18. Two numbers have the following properties : if the 
first be mu]tii)lied by 6, the product will be equal to the 
second multiplied by 5 ; and 1 subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? A7is. 6 and 6. 

14. Find two numbers with the followmg properties : the 
first increased by 2 is 3^ times as great as the second; 
and the second increased by 4 gives a number equal to half 
the first : what are the numbers ? Ans, 24 and 8. 

15. A father says to his son, "twelve years ago, I was 
twice as old as you are now : four times your age at that 
time, plus twelve years, mil express my age twelve years 
hence : " what were their ages ? 



J C Father, 12 years. 
^''^- I Son, 30 « 



Elimination by Comparison. 

115. Take the same equations, 

5x + lij = 43 
11a; + 9y = 69. 

Finding the value of x from the firat equation, we have, 

_ 43 - 7y 
^ "" 5 ' 

and finding the value of x from the second, we obtain, 

CO — 9y 



X = 



.11 



115. Give the rule for elimination by comparison. 
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Let these two values of x be placed equal to each other, 

and we have, 

43 — Ty _ 69 — 9y 

5 "" 11 

Or, 473 — 77y = 345 — 45y ; 

or, — 32y = — 128. 

Hence, y = 4. 

An 69 — 36 ^ 
And, X = — — = 3. 

This method of elimination is called the method by com- 
parisoTUf for which we have the following 

BULE. 

I. Find, from each equation^ the value of the same 
unknown quantity to be eliminated: 

n. Place these values equal to each other. 

EXAMPLES. 

Find, by the last rule, the values of x and y, from the 
following equations, 

1. 3a5 + I + 6 = 42, and y - ^ == 14^. 

Ans. a; = 11, y = 16, 

2. f - f + 5 = «» ^^ I + ^ = n + ^• 

Ans. jc = 28, y = 20. 

V a; 22 
8. J5 - 4 + y = 1» and 3y - aj = 6. 

Ans. cc = 9, y = 6. 

i. y - 3 = -a; + 6, and ?^t^ = y - 3^. 

Ans. a; = 2, y = 9. 
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6. y_Il^ + ? = y _ 2, and f + ^ = « - 13. 
3 2 ^ 8 7 

J[7i5. a; = 16, y = V. 

6. y±^ + ?^=.-|^, and . + y = 16. 

-4ws. a? = 10, y = 6. 

^ 2aj — 3v V — 1 

7. --^ = x-2i, X- ^—^ = 0. 

Arts, a; = 1, y =: Z. 



8. 2y 4- 3aj = y + 43, y ^ = y - -. 



a; — 4 __ aj 

^n5. a; = 10, y = 13. 



9. 42/ — ^ ^ = a; + 18, and 27 — y = a;4"y + 4. 

^n^. aj = 9, y = 7. 

10. 1 - --^-g— + 4 = y - 16|, ^ - 2 = -. 

Ans. a = 10, y = 20. 

116. Having explained the principal methods of elimina- 
tion, we shall add a few examples which may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, even in the same example. 

GENERAL EXAMPLES. 

Find the values of x and y in the following simultaneous 
equations : 

1. 2a; + 3y = 16, and 3a; — 2y = 11. 

Ans, X = 5^ y = 2. 



j:limination. 
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2x Sy 

2- T + T 



_^, and ?? + ?^=: 
20' 4^6 



61 
120 
1 



Ans, 35 = - , p = - 



1 
3 



3. ~ + Yy = 99, and ^ + 1x = 51. 

^W5. a; = Y, y = 14. 
35 V a; + va5 2y — a; 

Ans. as = 60, y = 40. 



6.^ 



4a5 



> 



« — y 



+ 7a; = 41 



^?25. -< 



05 =: 6. 



y = 8. 



6. 






ia5 - y + 4iy = 12^ J 



> 



r^y - * + 2a_--y ^ ^ "^ 



7. < 



6 



8 — 2a5 
6jc - y + T— = 43^ 



-4w5. 



a; = 5. 



ly 



^715. •< 



35 = 



3. 
9. 



y = 8. 



'3a; — 8 v — 6 

— r~ + ^^- + y =^ 18^ 



8. < 



6 — V 
8a5 — 3 — ^ = 79 



>- -4w5. -< 



35 = 10. 



y= 12. 



r435 



y - 5 



+ 6 = 12* 



9. < 



i« - iy + ^^ = f 



A77S, •< 



X z=z Q, 



y = 5. 
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10. 



ax — 5y = c 



a — y -{' X = d 



Ajis, 



c -{- ab — bd 
X = 

a — 
or -{- c — ad 



y = 



a — b 



'i 2x+ iij = 1 ) • I y = 50. 

( 2a;+10 = 3y+l ) ( 7/ = 5, 



18. 



ax = br/ 



« + y = c 



14.^ 



aoj 4" ^ = c 



/« + ^y = ^i 



a 



16. ^ 



16. ^ 



« = 



be 



Ans. 



y = 



X = 



Ans, -< 



-4w5. -< 



5 + y 3a + 35 
ax + 25y = d 

box = CI/ — 2b 



^ y + — ^^ — 7 — - = — h c^a 

be ' c 



X = 



y = 



a + 5 

a + 5 

eg — 5A 
og-bf' 

8a 

3a- - 5^ + qT 
8«» 



»• -4m5. •< 



a 



y = 



17. < 



3. + a, = <»^«1 



y - ic = 






Ans. -< 



y 



a + 25 

■ • 

c 

¥ 
b-f 

= -^. 



!» = 
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PROBLEMS. 

1. What fraction is that, to the numerator of which if 1 

be added, the value will be - , but if 1 be added to its 

1 
denominator, the value will be - ? 

OS 

Let the fraction be denoted by - • 

Then, by the conditions, 

a; + 1 1 , X 1 

= - , and, = - • 

2/ 3' ' 2/ + 1 4 

whence, 3aj + 3 = y, and 4x = 2/ +1. 

Therefore, by subtracting, 

X —3 = 1, and aj = 4. 

Hence, 12 + 3 = y; 

.'. y = 15. 

2. A market-woman bought a certahi number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold them all together, at the rate of 5 for 2d, found 
that she had lost 4td: how many of both kinds did she buy ? 

Let 2x denote the whole number of eggs. 

Then, x = the number of eggs of each sort. 

Then will, ~x = the cost of the first sort, 
and, -X = the cost of the second sort. 

3 

But, by the conditions of the question, 

^ r. « 4a; 
5 : 2a5 : : 2 : — : 

5 ' 

4a; 
hence, — will denote the amoimt for which the eggs 

were sold. 
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Y. A bill of £120 was paid in pfuiiieas and moidores, and 
the niunber oi" i>ioces nscd, of both sorts, was just 100. If 
the guinea be estimated at 21 6% and the moidore at 2 75, how 
many pieces were there of each sort ? A7is. 50. 

8. Two travelers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
travels 8 miles a day, and the other 7 : in what time will 
they meet ? Ans. In 10 days. 

9. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ? 

Ans. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse; 
but if it be put on the back of the second, it makes their 
joint value triple that of the first : what is the value of each 
horse ? Ans, One £30, and the other £40. 

•o^ 11. The hour and minute hands of a clock are exactly to- 
■^ . gether at 12 o'clock : when will they be again together? 
/ A21S. 111. 5y*ym- 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinldng it ? Ans, 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contahied in 32 pounds of the now 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Ans, 224 lbs. 

14. A person who possessed 100,000 doUars, placed the 
greater part of it out at 5 per cent interest, and the other 
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at 4 per cent. The interest wliich he received for the Avhole, 
amounted to 4640 dollars. Required the two parts. 

^1^5. $64,000 and $36,000. 

15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votes of 
the unsuccessful candidate been also given to him, he would 
have received three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? . i 1st, 6500. 

( 2d, 5000. 

16. A gentleman bought a gold and a silver watch, and a 
chain worth $25. When he put the chain on the gold watch^ 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
silver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each watch ? 

. { Gold watch, $80. 
^^^- (silver " $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second: what is the number? Ans, 66. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then lefl two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? J \ ^^ gentlemen. 

' ■ ( 40 ladies. 

19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he will lose 6530 on his 
horse ; but if he sells them at $3 each, he will receive $30 
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more than his horse cost him. What is the value of the 

horse, and number of tickets? . ( Horse, $160. 

Alls. < ^^ ' - 

( No. of tickets, 60. 

20. A person purchases a lot of wheat at $1, and a lot of 
rye at T5 cents per bushel ; the whole costing him $1 1 7.50. 
He then sells \ of his wheat and \ of his rye at the same rate, 
and realizes $27.60. Hoav much did he buy of each? 

. (80 bush, of wheat. 
( 60 bush, of lye. 

21. There are 62 pieces of money in each of two bags. A 
takes from one, and JB from the other. A takes t^vice as 
much as B left, and B takes 7 times as much as A left. 
How much did each take ? . j ^, 48 pieces. 

] j5, 28 pieces. 

22. Two persons, A and B^ purchase a house together, 
worth $1200. Says A to J5, give me two-thirds of your 
money and I can purchase it alone ; but, says J5 to -4, if 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

A71S. Ay $800 ; J?, $600. 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 785. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 795. a dozen. What is the price of each liquor per 
dozen ? Ans, Sherry, 81^.; brandy, 72«. 

JEquations containing three or more unknoum quantities. 

117. Let us now consider equations involving three or 
more unknown quantities. 

Take the group of simultaneous equations. 



117. Give the rule for solving any group of sixnultancous equations? 



EXAMPLES* 


1 


6a5 — 6y + 42 = 15, 

7aj + 4y — 3z = 19, . , 

2aj + y -j- 62 = 46. . . 


. . (1.) 
. . (2.) 
. . (3.) 
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To eliminate z by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, since the 
coefficients of z have contrary signs, add the two results 
together. This gives a new equation : 

43a; — 2y = 121 . . ... . (4.) 

Multiplying the second equation by 2 (a factor of the 
coefficient of 2 in the third equation), and adding the result 
to the third equation, we have, 

16a; + 9y = 84 (5.) 

The question is then reduced to finding the values of x 
and y, which will satisfy the new Equations (4) and (5). 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find, 

419a; = 1257; whence, a; = 3. 

We might, by means of Equations ( 4 ) and ( 5 ) deter- 
mine y in the same way that we have determined x ; but 
the value of y may be determined more simply, by substi- 
tuting the value of a; in Equation ( 5 ) ; thus, 

84 — 48 
48 + 9y = 84. .-. y = ^ = 4. 

In the same manner, the first of the three given equations 
becomes, by substituting the values of x and y, 

24 
15 — 24 + 42 = 15. .'. 2 = — = 6. 

4 

In the sam«k way, any group of simultaneous equations 
may be solved. Hence, the 
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BULE, 

1. Combine one equation of tJie grovp with each of the 
others^ by eliminating one wiknown quantity ; there wUl 
result anew group containing one equation less. than tJie 
original group: 

n. Combine one equation of this new group with each 
of the otherSy by eliminating a second unknown quantity / 
there will result a new group containing two equations less 
than the original group : 

HE. Continue the operation until a single equation is 
foundy containing but one unknown quantity : 

rV. Find the value of this unknown quantity by the 
preceding rules y substitute this in one of the group of 
two equations^ and find the value of a second unknown 
quantity; substitute these in either of the group of three^ 
finding a third unknown quantity ; and so on^ tiU the 
values of all are found. 

Notes. — 1. In order that the value of the unknown quan- 
tities may be determined, there must be just as many inde- 
pendent equations of condition as there are unknown quan- 
tities. If there are fewer equations than unknown quantities, 
the resulting equation will contain at least two unknown 
quantities, and hence, their values cannot be found (Art. 110). 
If there are more equations than unknown quantities, the 
conditions maybe contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the unknown quantities. In this case, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown quanti- 
ties : 

2x — Sy + 2z = 13. (1.) 4y + 22 = 14. (3.) 

4w — 2a5 = 30. (2.) 5y + Su = 32. (4.) 
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Bj inspecting these equations, we see that the elimination 
of 2 in the two Equations, ( 1 ) and ( 3 ), wdll give an equa- 
lion involving x and y; and if we eliminate u in Equa- 
tions ( 2 ) and ( 4 ), we shall obtain a second equation, in- 
volving X and y. These last two imknown quantities may 
therefore be easily determined. In the first place, the 
elimination of z from ( 1 ) and ( 3 ) gives, 

Yy — 2a; = 1 ; 

That of u from ( 2 ) and ( 4 ) gives, 

20y 4- 6a; = 38. 

Multiplying the first of these equations by 3, and adding, 

41y = 41; 

Whence, * y = 1. 

Substituting this value in Ty — 2a; = 1, we find, 

a; = 3. 

Substituting for x its value in Equation ( 2 ), it becomes 

42^ — 6 = 30. 



Whence, 



u = 0. 



And substituting for y its value in Equation (8), there 
results, 

25 = 6. 



EXAMPLES. 



1. Given •< 



« + 2/ + 2 = 29 
X + 27/ + dz = G2 

2 3^ 4 



>- to find CB, y, and z. 



Ans. a; = 8, y = 9, « = 12, 
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2. Given 



2a; -f 4?/ - 32 = 22 
4x — 2y -h 5z = 18 

6a; 4- Ty — s = 63 
Ans, X = 



to find a;, y, and a 
3, y = 7, 2 = 4. 



3. Given « 



1 1 1 

3^ + 4^ + 5" = 



32 



1.1 1 

-a; + -V H — 2 = 
L 4 5^ ^ C 



15 > to find a;, y, and 2. 



12 



y 



A?is, a; = 12, y = 20, s = 30. 



4. Given 



« + y +'2 = 291 
a; 4- y — s = 

a — y + 2 = 



18J [^ to find a;, y, and 2. 
13f 
a; = IG, y = VJ, 2 = 5J 



6. Given 



3a; + 5y = 101 

7a; + 23 = 209 

2y + 2 = 89 

Ans, X 



to find a;, y, and 2. 
= 17, y = 22, 2 = 45. 



6. Given -< 



n 1 

- + - = a 

a; y 

? + ! = * 

a; 2 

1 ,1 

y 2 



>■ to find a;, y, and 2. 



a; = 



a + b — c' 



y = 



a -{- c — b' 



2 = 



b+c — a 



Note. — ^In this example we should not proceed to clear 
the equation of fractions; hut suhtract immediately the 
second equation from the first, and then add the third : we 
thus find the value of y. 
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PROBLEMS. 

1. Divide the number 90 into four such parts, that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth diyided by 2, shall be equal 
each to each. 

This problem may be easily solved by introducing a new 
unknown quantity. 

Let X, y, z, and u^ denote the required parts, and desig- 
nate by m the several equal quantities which arise from the 
conditions. We shall thgn have, 

a; + 2 = m, y — 2 = m, 22 = m, - = m. 



From which we ^find. 



2 



X = m — 2^ y z= m + 2y s==— , u == 2m. 

And, by adding the equations, 

m 
X + y -{• z -\- u = m + ni -\ 1- 2m = 4^m. 

And since, by the conditions of the problem, the first 
member is equal to 90, we. have, 

^\m = 90, or fw = 90; 

hence, m = 20. 

Having the value of m, we easily find the other values ; 

viz.: 

a = 18, y = 22, s = 10, u = 40. 

2. There are three ingots, composed of different metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and G of pewter. A pound of 
the second contains 1 2 ounces of silver, 3 ounces of copper, 
and 1 of pe^\'ter. A pound of the third contains 4 oimces 
of silver, 7 ounces of copper, and 6 of pewter. It is required 
7* 
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to find how much it will take of each of the three ingots to 
form a fourth, which shall contain in a pound, 8 ounces of 
silver, 3J pf copper, and 4 J of pewter. 

Let a, y, and z, denote the number of ounces which it 

is necessary to take from the three ingots respectively, in 

order to form a pound of the required ingot. Since there 

are 1 ounces of silver in a pound, or 16 ounces, of the first 

ingot, it follows that one ounce of it contains -j^ of an ounce 

of silver, and, consequently, in a number of ounces denoted 

7x 
y by a^ there is -- ounces of silver. In the same manner, 

16 

12v 4z 

we find that, —^ , and — , denote the number of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of the fourth ingot contains 8 ounces 
of silver. We have, then, for the first equation, 

7a; . 12y . 4z 

-\ = 8; 

16 ^ 16 16 ' 

or, clearing fractions, 

1x + 12y + 4s = 128. 

As respects the copper, we should find, 

Sx + 3y + 1z = 60 ; 
and with reference to the pewter, 

6x + y + 5z = 68. 

As the coefficients of y in these three equations are the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have, 

, Bx + 242 = 112. 
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Multiplying the third equation by 3, and subtracting the 
second from the resulting equation, we have, 

15a; + 82 = 144. 

Multiplying this last equation by 3, and subtracting the 
preceding one, we obtain, . 

4035 = 320; 
whence, a; = 8. 

Substitute this value for x in the equation, 

1535 + 8z = 144; 
it becomes, 120 + 82 = 144, 

whence, 2 = 3. 

Lastly, the two values, a; = 8, 2 = 3, being substituted 
in the equation, 

6aj + y + 52 = 68, 

give, 48 + 2/4-15 = 68, 

whence, y = 5. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

VERIFICATION. 

K there be 1 ounces of silver in 16 ounces of the first 
ingot, in eight ounces of it there should be a number of 
ounces of silver expressed by 

16 
In like manner, 

12 X 5 ,4x3 

• and « 

16 ' 16 ' 

will express the quantity of silver contained in 5 ounces of 
the second ingot, and 3 ounoes of the thir^. 
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Now, we have, 

7X8 12_ ><_£ , 4X3 _ 128 _ 
16 "^ 10 "^16 "" 16 ~" ' 

therefore, a pound of the fourth ingot contains 8 ounces of 
silver, as required by the enunciation. The same conditions 
may be verified with respect to the copper and pewter. 

3. A^8 age is double JS^Sy and j5'5 is triple of (7'5, and the 
sum of all their ages is 140 : what is the age of each ? 

Am, A^s = 84; B's = 42; and C^8 = 14. 

4. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the haniess, and the 
chaise to twice the cost of the horse and harness : what did 
he give for each ? ^ £13 Qs. Sd. for the horse. 

Ans, < £G 13s, 4td, for the harness. 
( £40 for the chaise. 

5. Divide the number 30 into three such parts that \ of 
the first, 1 of the second, and \ of the third, may be all 
equal to each other. Ans. 8, 12, and 10. 

6. If A and JB together can do a piece of work in 8 days, 
A and C together in 9 days, and B and G in ten days, how 
many days would it take each to perform the same work 
alone? Ans. A, 14^^; J?, I7fi^; C, 23/y. 

V. Three persons, -4, j5, and (7, begin to play together, 
haidng among them all $600. At the end of the first game 
A has won one-half of IPs money, which, added to his own, 
makes double the amount J3 had at first. In the second 
game, A loses and B wins just as much as C had at the be- 
ginning, when A leaves off with exactly what he had at first : 
how much had each at the beginning ? 

Ans. A, $300 ; JB^ $200 ; C, $100. 

8. Three persons, A, J5, and (7, together possess $8640. 
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If B gives A $400 of his money, tlien A will have $320 
more than B\ but if B takes §140 of C''8 money, then B 
and C will have equal sums : how much has each ? 

Alls. ^, 1800; jB, $1280; (7, $1500. 

9. Three persons have a bill to pay, which neither alone 
is able to discharge. A says to J?, " Give me the 4th of 
your money, and then I can pay the bill." B says to (7, 
" Give me the 8tli of yours, and I can pay it." But C says 
to -4, " You must give me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and B ? 

. j Amount of the bill, $13. 
• ( A had $10, and B $12. 

j' / 10. A person possessed a certain capital, which he placed 
%ut at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 
greater by 800 dollars. A third person, who possessed 
15000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Required, the capitals of the three per- 
sons, and the rates of interest. 

. j Sums at interest, $30000, $40000, $45000. 
' ( Rates of interest, 4 5 6 pr. ct. 

11. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together : what was her share, 
and what the share of each child ? 

Tlie widow's share, $8000. 

Ans. { Each son's, $2000. 

Each daughter's, $1000. 
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12. A certain sum of money is to be divided between 
three persons, A^ B^ and C. A is to receive $3000 less 
than half of it, B $1000 less than one-third part, and C to 
receive $800 more than the fourth part of the whole : what 
is the sum to be divided, and what does each receive ? 

f Sum, $38400. 

A receives $16200. 

B " $11800. 

L (7 « $10400. 



Arts, -< 



13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make his value 
double that of the first and third ; if it be put on the back 
of the third, it mil make his value triple that of the first 
and second : what is the value of each horse ? 

Ans. 1st, $20; 2d, $100 ; 3d, $140. 

14. The crew of a ship consisted of her complement of <2 =- 
sailors, and a number of soldiers. There were 22 sailors tc- 
every three guns, and 10 over ; also, the whole number of -jj 4{ : 
hands was five times the number of soldiers and guns to- y 
gether. But after an engagement, in which the slain were^^ ^ ^ 
one-fourth of the survivors, there wanted 5 men to make 

13 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ans. 90 guns, 55 soldiers, and 670 sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A^ who has the 
most, gives to B and C as much as they have already ; then 
B divides with A and C in the same manner, that is, by 
giving to each as much as he had after A had divided mth 
them; O then makes a division with A and B^ when it is 
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found that they all have equal sums : how much had each 
at first? Ans. 1st, $52 ; 2d, $28 ; Sd, $16. 

16. Divide the number a into three sucH parts, that the 
first shall be to the second as m to n, and the second to the 
third as p to q, 

_ amp anp ___ anq 



mp-^-np-^nq* ^ mp+np+nq^ mp^np-^nq 

17. Three masons, -4, B^ and (7, are to build a wall. A 
and B together can do it in 12 days ; B and C in 20 days ; 
and A and (7 in 15 days : in what time can each do it alone, 
and iQ what time can they all do it if they work together ? 

Ans, Ay in 20 days; i?, in 30 ; and (7, in 60 ; all, in 10. 
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CHAPTER VI. 



FOEMATION OP POWEES. 



118. A PowEB of a quantity is the product obtained by 
taking that quantity any number of times as a factor. 

If the quantity be taken once as a factor, we have the first 
power ; if taken twice, we have the second power ; if three 
times, the third power; if n times, the n*^ power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 

thus, 

a = a^ denotes first power of a.* 

axa = a^ " square, or 2d power of a. 

axaxa = a^ " cube, or third power of a. 

axaxaxa = a^ " fourth power of a. 

axaxaxaxa = a^ " fifth power of a. 

axaxaxa = a"* " m'* power of a. 

In every power there are three things to be considered : 

Ist. The quantity which enters as a factor, and which is 
called the first power. 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the escponent of the 

* Since a? — I (Art. 49), a® X a = 1 X a = a* ; so that the two 
factors of a}, are 1 and a. 

118. What is a power of a quantity? What is the power vhen the 
quantity is taken once as a factor ? When taken twice ? Three times ? 
ft times ? How is a power indicated ? In every power, how many things 
axe coni^dered ? Name them. 
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power, and shows how many times the letter enters as a 
factor. 

3d. The power itself, which is the final product, or result 
of the multiplications. 

POWERS OF MONOMIALS. 

110. Let it be required to raise the monomial 2aW to 
the fourth power. We have, 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

{^a^V^Y = 2*^3 + 3 + 3 + 3^^2 + 2 + 2 + 2 _ 2*a^^b^ ] 

from which we see, 

1st. That the coefficient 2 must be raised to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we have, 
for the raising of monomials to any power, the following 

RULE. 

I. liaise the coefficient to the required power : 

n. Multiply the exponent of each letter hy the exponent 
of the power, 

EXAMPLES. 

1. What is the square of Za^y^ ? Ans. 9a*y^. 

119. What is the rule for raising a monomial to any power ? When 
the monomial is positive, what will be the sign of its powers ? When 
negative, what powers will be plus? what minus? 
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2. What is the cube of Qa'^i/^x? Ana. 216a"y*a5'. 

3. What is the fourth power of 2ay6«? IQa^hj^^^. 

4. What is the square of a^b^y^ ? Ans. a^b^^y^. 

5. What is the seventh power of a^bcd^ ? 

Ans. a^^b'^c'd^K 

6. What is the sixth power of a^b^c^d? 

Ans. a^^ji 8^12^6^ 

7. What is the square and cube of — 2a^^? 

Square. Cube. 

— 2a^P — 2d^b^ 

— 2aW — 2a^b^ 



+ 4a^b\ + 4a^b^ 

— 2a^b^ 



— Qa^b\ 



Bj observing the way in which the powers are formed, 
we- may conclude, 

1st. When the monomial is positive, all tJie powers wiU 
be positive. 

2d. When the m^onomial is negative, all even powers will 
be positive, and all odd will be negative. 

8. What is the square of — 2a^b^ ? Ans. 4aW^ 

9. What is the cube of — Sa^'b^? Ans. — 125a3«J«. 

10. What is the eighth power of —a^xxp" ? 

Ans. + a^^Qi^y^^. 

11. What is the seventh power of — a^b^c? 

Ans. — a^^V^<P. 

12. What is the sixth power of 2abhj^ ? 

Am. 64a6&3V®* 
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13. What is the mnth power of — O^hiP- ? 

Arts. — a»"^>V8. 

14. What is the sixth power of — Sab^d? 

Arts. l29a^b^^dK 

15. What is the square of — lOa'"^"^^ ? 

Ans. 100a2»"J2n^6, 

16. What is the cube of — ^O^h^'d^P ? 

17. What is the fourth power of — Aa^h^c^d^ ? 

Ans. 256a2o^>i2ci6^20^ 

18. What is the cube of — Aa^H'^^'c^d"^ 

Ans. — Qia^'^b^^c^dK 

19. What is the fifth power of 2a^Px7/ ? 

Ans. 32a'*^^°a:*y*. 

20. What is the square of 20x'' t/^c^? Ans. 400a;2«y2in^io^ 

21. What is the fourth power of Sa^b^^c^^ 

Ans. 81a*«^8nci2^ 

22. What is the fifth power of — c^d^'^x^y^ ? 

Ans. — c^«c?i5ma.iOyio^ 

23. What is the sixth power of — a'^b'^'^c^ ? 

Ans. a^^b^'^^c^^. 

24. What is the fourth power of — 2a^<p-d'^. 

Ans. lea^c^t^'^ 

POWERS OF FRACTIONS. 

120. From the definition of a power, and the rule for 
the multiplication of fractions, the cube of the fraction -^, is 
written, 

b) - b^ b^b - ¥' 



120. What is the rule for raising a fraction to any power ? 
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and since any fraction raised to any power, may be written 
under the same form, we find any power of a fraction by 
the following 

BTJLE. 

liaise the numerator to the required power for a new 
numerator, and the denominator to the required power for 
a new denominator. 

The rule for signs is the same as in the last article. 

EXAMPLES 

Find the powers of the following fractions : 

, /a — c\^ . a^— 2ac4-c2 

>• (t+7) • ^'- {. + 2fa + e= 

^- (It)'- ^- ^ 



6. 



6 {^t\\ Ana ^^ 

^" \ 26=3!/ ^"*- 166^ 

8. Fourth power of ^^^ . Am. j^^ 

9. Cube of '^-Ili^ . ^«^. "^ - 3a>V 4- 3ay^ -ig 

X + j/ OCT" + Sx^y + Sxi/^ + y» 
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10, t ourth power of • A7is. 



11. Fifth power of — rrr—— • Ana. — ^^ ^^ . • 

POWERS OF BINOMIALS. 

121. A Binomial, like a monomial, may be raised to any 
power by the process of continued multiplication. 

1. Find the fifth power of the binomial a -{- b, 

(Z + b 1st power. 

a + b 

a?" -I- ab 
+ g^ + JP- 

a?- + 2ab + 5^ 2d power. 

a + 5 



a3 + la^b + ah^ 

+ a'b + 2or^^ + ^3 

a3 4- 3a25 + Zdb^ + ^^^ .... 3d power. 
a + b 

a* + 3a35 + 3a^b^- + ab^ 

+ a^b 4- Sa^^g + Sg^s 4, 54 

a* + 4a35 + Qd^b^ + 4a^3 + 5* 4th power. 
c^ 4- 5 

a* + 4a*^ 4- 6a3^>2 4- ^a^P 4- a^* 
+ a*b 4- 4g3^>g 4- 6a^^3 4, 4^^4 ^ 55 

a* 4- 5a^b 4- lOa^ft^ + lOa^^a + 5ab^ + b^ Ans. 

12L How may a binomial be raised to any power? 

122. How does the number of multiplications compare with the ex- 
ponent of the power? If the exponent is 4, what is the number of 
multiplications? How many when it is m? IIow many things are con- 
gidered in the raising of powers ? Name them. 
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Note. — 122. It will be observed that the number of 
multiplications is always 1 less than the units in the expo- 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, &c. The powers of polynomials 
may be expressed by means of an exponent. Thus, to 
express that a -h b is to be raised to the 6th power, we 
write 

(a + by ; 

if to the mth power, we write 

{a + 5)"». 

2. Find the 6th power of the binomial a — ft. 

a — ft 1st power. 

a — ft 

a^ — ab 

— aft + ft' 

a^ — 2ab -|- ft' 2d power. 

a — ft 

a3 — 2a2ft -f aft2 

— a^ft -4- 2aft2 — fts 

ejs - za^b 4- 3aft2 - ft^ .... 3d power. 

g — ft 

a* — 3a3ft + 3a2ft2 — a¥ 

— a^b + 3a2ft2 — 3aft3 + ft* 

qk __ 4^3^ ^ 6^2j2 _ 4^53 ^ 54 ^ 4tii power, 
a — ft 

a^ — 4a4ft + 6a3ft2 — 4a2ft3 -f aft* 

— a*ft 4- 4a3ft' — Ba^ft^ + 4aft* — ft* 

a» — 6a*ft 4- lOa^fts — lOa^ft^ + 5aft* — ft* Am. 
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In the same way the higher powers may be obtained. By 
examining the powers of these binomials, it is plain that four 
things must be considered : 

1st. The number of terms of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The coefficients of the terms. 

Let us see according to what laws these are formed. 

Of the Terms, 

193. By examining the several multiplications, we shall 
observe that the first power of a binomial contains two terms; 
the second power, three tenns ; the third power, four terms ; 
the fourth power, five ; the fifth power, six, &c. ; and hence 
we may conclude : 

That the number of terms in any power of a hinomiali 
is greater by one than the exponent of t/ie power. 

Of the Signs of t/ie Terms. 

124* It is evident that when both terms of the given 
binomial are plus, all the terms of the power will be plus. 

If the second term of the binomial is negative, then aU 
the odd terms^ counted from, the Uft^ will be positive^ and 
all the even terms negative. 



123. How many terms does the first power of a binomial contain? The 
second? The third? The nth power? 

124 If both terms of a binomial are positive, what will be the signs 
of the terras of the power? If the second term is negative, how are the 
signs of the terms ? 
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Of the Exponents. 

125. The letter which occupies the first place in a bino- 
mial, is called the leading letter. Thus, a is the leading 
letter in the binomials a -{■ h^ and a — h. 

1st. It is evident that the exponent of the leading letter 
in the first term, will be the same as the exponent of the 
power; and that this exponent will diminish by one in each 
term to the right, until we reach the last term, when it will 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
term, and increases by one in each term to the right, to the 
last term, when the exponent is the same as that of the given 
power. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
means of the binomial formula. 

Let us now apply these principles in the two following 
examples, in which the coefficients are omitted : 

(a + 5)« . . . a« -4- a^h + a^lP- + aW 4- a^5* + a5« + 5«, 
\a -hf . . . a« - a^h + a*^^ _ ^3^3 ^ ^2^4 __ o^b ^ 56, 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 



125. Which is the leading letter of a binomial? What is the exponent 
of this letter in the first term ? How does it change in the terms towards 
the right ? What is the exponent of the second letter in the second term? 
How does it change in the terms towards the right? What- is it in the 
last term ? What is the sum of the exoonents in anv term coual to ' 
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1. (a + by. . a^-\-a^-^ab^ + b\ 

2. (a - by . . a*-a354-a=^^2— ab^ 4- b\ 

3. (a +^)5 . . a^-i-a^b+a^^-ha^b^-^ab'' + b\ 

4. (a-Zi)7. , a'^-^a^b-\-a^b'^-a^b^'\-a^b'-'a^¥-{'€ib^'-b\ 

Of tJie Coefficie^its. . 

136. The coefficient of the first term is 1. The coeffi- 
cient of the second term is the same as the exponent of the 
given power. The coefficient of the third tenn is found by 
multiplying the coefficient of the second term by the expo- 
nent *of the leading letter in that term, and dividing the 
product by 2. And finally:' 

If the coefficient of any term be multiplied by tJie expo- 
nent of the leading letter in that term, and the prodicct 
divided by the member which marks t/ie place of the term 
from, ths lefty the quotient will be the coefficient of the 
next term. 

Thus, to find the coefficients in the example, 

{a-by . . .a'- a^b + a^b^'-a'b'^'\- a^b^- a'b^ + a¥- b\ 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the thu-d term, we 
multiply 7 by 6, the exponent of &, and divide by 2. The 
quotient, 21, is the coefficient of the third term. To find the 
coefficient of tjie fourth, we multiply 21 by 5, and divide 
the product by 3 ; this gives 35. To find the coefficient of 
the fifth term, we multiply 36 by 4, and divide the product 
by 4 ; this gives 36. The coefficient of the sixth term, found 

126. What is the coefficient of the first term ? What is the coefficient 
of the second term ? How do you find the coefficient of the third term ? 
How do you find the coefficient of any term ? What are the coefficients 
of the first and last terms ? How are the coefficients of the exponents 
of any two terms equally distant from the two extremes? 

8 
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in the same way, is 21 ; that of the seventh, 7 ; and that of 
the eighth, 1. CollectiQg these coefficients, 

(a -by = 

a} — la^h + 21a5^2_35^4^ + Zba^h^ - 2\a?h^ + lab^ — h\ 

Note. — ^We see, in examining this last result, that the 
coefficients of the extreme terms are each 1, and that the 
coefficients of terms equally distant from the extreme terms 
are eqical. It will, therefore, be sufficient to find the coeffi- 
cients of the first half of the terms, and from these the 
others may be immediately written. 

EXAMPLES 

1. Find the fourth power of a + d. 

Ans. a* + 4a^b + 6a'^b^ + 4ab^ + 5*. 

2. Find the fourth power of a — b. 

Ans. a* — 4a^b + Ca^i^ — 4^53 4. j4, 

3. Find the fifth power of a + b, 

Ans. a^ + 5a^b + lOa'^b^ + lOd^P + 5ab* + b^. 

4. Find the fifth power of a — b. 

Ans. a^ — 5a*b 4- lOa^^ — lOa^P + 5ab^ — b\ 

5. Find the sixth power of a + &. 

a« + ea^b + 15a*^2 ^ 20a^P + 15a^^ + eab^ + b\ 

6. Find the sixth power of a — 5. 

a^ — 6a«J + 15a*52 — 20a^b^ + 15a^b^ - 6a^ + b\ 

l^y. When the terms of the binomial have coefficients, 
we may still write out any power of it by means of the 
Binomial Formula. 

7. Let it be required to find the cube of 2c + 3d. 

(a + by = a3 + 3a^b + Bab^ + b\ 
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Here, 2c takes the place of a in the formula, and Zd the 
place of b. Hence, we have, 

{2c+Sdy= {2cY+Z.{2cy.3d+S{2c){ddY+(Sd^) . (1.) 

and by performing the indicated operations, we have, 

(2c + Sdy = 8c3 + SQc^d + 54cd^ + 2ld\ 

If we examine the second member of Equation ( 1 ), wa 
see that each term is made up of three Victors: 1st, the 
numerical factor; 2d, some power of 2c; and 3d, some 
power of Sd, The powers of 2c are arranged in descend- 
ing order towards the right, the last term involving the 
power of 2(j or 1 ; the powers of Bd are arranged in ascend- 
ing order from the first term, Ti^ere the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three factors of each 
term in a vertical column, and then performing the multipli- 
cations as indicated below. 

Find, by this method, the cube of 2c + Sd. 

OPERATION. 

1 -f 3 +3 -t- 1 Coefficients. 
8c3+ 4c2 + 2c + 1 Powers of 2c 
1 + Sd + 9d^ + 27J3 Powers of 3<? 

(2c -t- dy = 8c-^ + SGc^d -f- 54cd^ + 21d^ 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding 
to the particular power ; in the second line, write the de* 
scending powers of the leading term to the power ; in the 
third line, write the ascending powers of the following term 
from the power upwards. It will be easiest to commence 
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the second line on the right hand. The multiplication shonld 
be performed from above, downwards. 

8. Find the 4th power of Sa^c — 2bd. 

{a + by = a* + 4a^b + 6a^P + 4ab^ + b\ 

1+4 +6 +4 +1 

81aV+ 27aV + 9a^c^ + Sa^c + 1 
1 ~ 2W + - 4b^d^ - Sb^d^ + 16ft*c? . 

BlaV— 2l6a^c^bd+ 216a'^c^b^d^ — QQa^cb^d^ + ielM\* 

9. What is the cube of 3aj — 6y ? 

A71S. 2W — 162iB2y + 32405^3 — 216y». 

10. What is the fourth power of a — 3 J ? 

Ans. a* ~ 12a35 + b^a^lf^ - lOSaft^ + BlJ*. 

11. What is the fifth power of c — 2t?? 

Ans. c^ — lOc^d + 40c^d^ — SOc^d^ + SOcd* — 82rf». 

12. What is the cube of 5a — Sd? 

Ans. 125a3 - 225a^d -f 135a^2 _ 27d^ 



* ThiB ingenious method of writing the development of a binomial is due to 
Prafsasor Whxiax G. Pxok, of Columbia College. 
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CHAPTER Vn. 

SQUABS BOOT. BADICALS OF THB SECOND 

DEGBEB. 

128. The Squaeb Root of a number is one of its two 
equal factors. Thus, 6 X 6 = 36 ; therefore, 6 is the square 
root of 36. 

The symbol for the square root, is -y/ , or the fractional 
exponent } ; thus, 



1 
or a 



v^ - ' 



indicates the square root of a, or that one of the two equal 
factors of a is to be found. The operation of finding such 
fiictor is called. Extracting the Square Moot, 

• 

lao. Any number which can be resolved into two eqnal 
integral factors^ is called a. perfect square. 

The following Table, verified by actual multiplication, in- 
dicates all the perfect squares between 1 and 100. 

TABLE. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares. 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, roots. 

128. What is the square root of a number ? What is the operation of 
finding the equal factor called ? 

129. What is a perfect square ? How many perfect squares are there 
between 1 and 100, including both numbers ? What are they? 
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We may employ this table for finding the square root of 
any perfect square between 1 and 100. 

Look for the number in the first line ; if it is found 
there^ its square root wiU he found immediately under it, 

K the given number is less than 100, and not a perfect 
square, it wiUfaU between two numbers of the icpper line^ and 
its square root will be found between the two numbers directly 
below / the lesser of the two will be the entire part of the 
root^ and wiU be the true root to within less than 1. 

Thus, if the given number is 55, it is found between the 
perfect squares 49 and 64, and its root is 7 and a decimal 
fraction. 

Note.— There are ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contain tens and units. Let 
N denote such a number, x the tens of its square root, and 
y the units ; then will, 

JV' = (a; + y)2 = jB^ + ^xy + y^ = x^ ■\- (2aj + y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the product cf the tens by the units^ plus 
the square of the units. 

EXAMPLE. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contain but two figures; 
that is, units and tens. 



60 84 
49 


\ 118 4 
118 4 
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Now, the square of the tens must be found in the two 
left-hand figures, wliich we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are 7 and 8 ; hence, 
*I expresses the number of te7is sought ; and the required 
root is composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60 84 78 

number, from which we separate 
it by a vertical line : then we 7x2 = 148 
subtract its square, 49, from 60, 

which leaves a remainder of 11, 

to which we bring down the two 

next figures, 84. The result of this operation, 1184, conr 
tains twice the product of the tens by the units^ plus the 
square of tJie units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units ; 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 will express the units, or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may be too 
large, for the 118, besides the double product of the tens by 
the units, may likewise contain tens arising from the square 
of the units. To ascertain if the quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. Thus, we 
evidently form, 1st, the square of the units ; and, 2d, the 
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double product of the tens by the units; and, 3d, the square 
of the units. This multiplication being effected, gives for a 
product, 1184, a number equal to the result of the first ope- 
ration. Having subtracted the product, we find the re- 
mainder equal to ; hence, 78 is the root required. 

Indeed, in the operations, we have merely subtracted from 
the given number C084 : 1st, the square of 7 tens, or of 70; 
2d, twice the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three parts which enter into the composition of 
the square, 70 + 8, or 78 ; and since the result of the sub- 
traction is 0, it follows that 78 is the square root of 6084. 

130. The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
methods of reasoning are equally applicable to larger num- 
bei*s, for by changing the order of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, 
have the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example are 
equally applicable to larger numbers. 

131. Hence, for the ex«traction of the square root of 
numbers, we have the following 

RULE. 

I. Point off the giveii number into periods of two figures 
each^ beginning at the right hand: 

n. Note tJie greatest perfect square in the first period on 
tJie Uft^ and place its root on the right, after the manner of 

131. Give the rule for the extraction of the square root of numbers? 
What is the first step ? What the second ? What the tliird ? What the 
fourth? What the fifth? 
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a quotient in division y then subtract the square of this 
root from the first period^ and bring down the second period 
for a remainder : 

ni. Double the root already found, and place t/ie result 
091 the left for a divisor. Seek how many times the divisor 
is contained in the remainder, exclusive of the right-hand 
figure, and place the figure in the root and also at the right 
of the divisor : 

rV. Multiply the divisor, thtxs augmented, by the last 
figure of the root, and subtract the product from the re- 
mainder, and bring down the next period for a new remaiiir 
der, JBut if any of the products should be greater than 
the remainder, diminish the last figure of the root by one : 

V. Double the whole root already found, for a new di- 
visor, and continue the operation as before, until aU the 
periods are brought down. 

133. Note. — 1. I^ after all the periods are brought 
down, there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
number is divided. 

3. If the given number has not an exact root, there will 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of which there will be one decimal place in the root. 

132. What takes place when the given number is a perfect square 1? 
How many places of figures will there be in the root? If the given num- 
ber is not a perfect square, what may be done after all the periods are 
brought dowji ? 
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EXAMPLES. 

1. What is the square root of 36729 ? 



In this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



3 67 29 191.64+ 
1 



29 



267 
261 



38 1 



382 6 



629 
381 



24800 
22956 



3832 4 



184400 
153296 



31104 Rem. 



2. To find the square root of 7225. 

3. To find the square root of 17689. 

4. To find the square root of 994009. 
6. To find the square root of 85673536. 

6. To find the square root of 67798756. 

7. To find the square root of 978121. 

8. To find the square root of 956484. 

9. What is the square root of 36372961 ? 

10. What is the square root of 22071204 ? 

11. What is the square root of 106929 ? 

12. What of 12088868379025 ? 

13. What of 2268741 ? 

14. What of 7596796 ? 

15. What is the square root of 96 ? 

16. What is the square root of 153 ? 

17. What is the (Square root of 101 ? 



Ans. 85. 

Ans. 133. 

Ans. 997. 

Ans. 9256. 

Ans, 8234. 

Ans. 989. 

Ans. 978. 

• Ans. 6031. 

Ans. 4698. 

Ans. 327. 

Ans. 3476905. 

Ans. 1506.23 +. 

Ans. 2766.22 +. 

Ans. 9.79795 -f. 

Ans. 12.36931 +.. 

Ans. 10.04087 +. 
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18. What of 285970396644 ? Ans. 634762. 

19. What of 41605800625 ? Ans. 203975. 

20. What of 48303584206084 ? Ans. 6950078. 

EaCTRACnON OF THE SQUARE ROOT OF FRACTIONS. 

133, Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that 

The square root of a fraction will be equal to the square 
root of the numerator divided by the square root of the 
denominator. 

f/i ft 

For example, the square root of ^ is equal to t : for, 

a ^ __<^ 
b^ b"'^' 

1. What is the square root of - ? Ans. ~ 

^^ 9 3 

2. What is the square root of — ? Ans. - 

8. What is the square root of — ? Ans. - 

256 16 

4. What is the square root of — - ? Ans. -- 

1 ft 1 

6. What is the square root of — ? Ans. - 

6. What is the square root of. — — — r ? Ans. -—r 

^ 61009 247 

*, TTTT. . , ^ 582169^ . 763 

7. What IS the square root oi — — -rr: * A7is. — — - 

^ 956484 978 



18^. To what is the square root of a fraction cqiial ? 
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134* If the numerator and denominator are not perfect 
squares, the root of the fraction cannot be exactly found. 
We can, however, easily find the approximate root. 

. EULE. 

r 

Multiply both terms of the fraction by the denomincUor: 
Then extract the square root of the numerator^ and divide 
this root by the root of the denominator / the quotient wiU 
be the approximate root, 

1. Find the square root of - • 

Multiplying the numerator and denominator by 5 

hence, (3.8729 +) -^ 6 = .7746 + = Ans. 

7 

2. What is the square root of - ? Ans. 1.32287 +. 

14 

3. What is the square root of — ? Ans. 1.24721 +. 

4. What is the square root of Htjt? Ans. 3.41869 +. 

13 

5. What is the square root of 7--? Atis. 2.71313 +. 

36 

' ig 

6. What is the square root of 8-- ? Arts. 2.88203 +. 

49 

7. What is the square root of ~ ? Ans. 0.64549 +. 

3 

8. What is the square root of 10—? Ans. 3.20936 +. 

1S4. What is the rule when the numerator and denominator are not 
perfect squares ? 
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185* Finally, instead of the last method, we may, if we 
please, 

Change the common fraction into a decimal^ and continue 
the division until the number of decimal pktces is double 
tJie number of places required in the root, TJien extract 
the root of the decim^H hy the last rule, 

EXAMPLES. 

1. Extract the square of — ■ to within .001. Thisnum- 

ber, reduced to decimals, is 0.785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .886; hence, 

0.886 is the root of -- to within .001. 

14 

2. Find the \/2-- to within 0.0001. Ans. 1.6931 +. 

V 15 

3. What is the square root of tz ? A.7is, 0.24253 +• 

7 

4. What is the square root of - ? Ans, 0.93541 +. 

8 

5 

6. What is the square root of - ? Ans. 1.29099 +. 

o 

t 

BXTRACnON OF THE SQUARE BOOT OF MONOMIAI^. 

136* In order to discover the process for extracting the 
square root of a monomial, we must see how its square is 
formed. 

By the rule for the multiplication of monomials (Art. 42), 
we have, 

(5d^b^cy = 5a^Pc X Sa^^c = 2oa'b^c^ ; 

135. What is a second method of finding the approximate root? 
M. GiVb the nk {o)t e^xtracUng the square ritfot of mOnOmfkls? 
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that is, in order to square a monomial, it is necessary to 
square its coefficient and double the exponent of each of the 
letters. Hence, to find the square root of a monomial, we 
have the following 

BULB. 

I. JEaUract the square root of the coefficient for a new 
coefficient : 

n. Divide the exponent qf each letter hy 2, and then 
annex all the letters with their new exponents. 

Since like signs in two factors give a plus sign in the pro- 
duct, the square of — a, as well as that of -f- «, will be 
+ a^; hence, the square root of a^ is either -f- a, or 
— a. Also, the square root of 25d^b\ is either 4- 5ab^^ 
or — 5ab^, Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
4- or — ; thus, -v/So* = ±Sa^; for, + Za^ or — 3a^ 
squared, gives -f 9a*. The double sign ± , with which the 
root is affected, is read plies and minus. 

EXAMPLES. 

1. What IS the square root of 64a*5*? 

•v/64a^=: +8a3J2. fo^ -f-Sa^J^x +Sa^b'^=z +64a<^5* 
and, y/Ua^b* = —Sa^b'^; for Sa^^x Sa^b^=z +64a«** 
Hence, ^Qia^b* = ± Sa^^. 

2. Find the square root of 625a^b^c\ ^ ± 25a5V. 

3. Find the square root of 516a^b^c^. ± 24a2JV. 

4. Find the square root of 196a;^yV. ± 14siPyz\ 
6. Find the square root of Ula^b^c^^d^^. ± 2la*b^c^d\ 
6. Find the square root of I84:a^^^^c^^d^. ± 28aWc®c?. 
1. Kad the iTquare rotot of Blcfib^tfi. ± 9a*&*A 
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l^OTES. — lay. 1. From the preceding rule it follows, 
that when a monomial is a perfect square, its numerical 
coefficient is a perfect square^ and all its ea^nents even 
numbers. Thus, 25a^b^ is a perfect square. 

2. If the proposed monomial were negative^, it would be 
impossible to extract its square root, since it has just been 
shown (Art. 136( that the square of every quantity, whether 
positive or negative, is essentially positive. Therefore, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary guarUitieSj or 
rather, imaginary/ expressiohs^ and are frequently met with 
in the resolution of equations of the second degree. 

IMPEEPECrr SQUARES. 

138* When the coefficient is not a perfect square^ or 
when the exponent of any letter is uneven^ the monomial is 
an imperfect square : thus, 98a5* is an imperfect square. 
Its root is then indicated by means of the 'adical sign ; thus, 



-/98a5*. 

Such quantities are called, radical quantities^ or radicals of 
the second degree : hence, 

A RADICAL QUANTrrr, is the indicated root of an imperfect 
power. 

187. When is a monomial a perfect square? What monomials are 
these whose square roots cannot be extracted ? What are such expres- 
sions called ? 

188. When is a monomial an imperfect square ? What are sucb quan* 
M^ dallM ? What is a radical quiuitity ? 
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TRANSFORMATION OF RADICALS. 

139. Let a and h denote any two numbers, and p 
the product of their square roots: then, 

^ X V^ = /? . . . , . (1.) 

Squaiing both members, we have, 

a X b =z p^ . . . • (2.) 

Then, extracting the square root of both members of (2), 

Va5 = JO (3.) 

And since the second members are the same in Equations 
( 1 ) and ( 3 ), the first members are equal : that is, 

The square root of the product of two quantities is equal 
to the product of their square roots, 

140. Let a and 5 denote any two numbers, and q 
the quotient of their square roots ; then, 

i=' »•> 

Squaring both members, we have, 

\ = 1' (2.) 

then extracting the square root of both members of ( 2 ), 



h 



= 2 (3) 



and since the second members are the same in Equations (1 ) 
and ( 3 ), the first members are equal ; that is, 

189. To what is the square root of the product of two quantities equal? 
140. To what is the Fquare root of the quotient of two qtMntltiet 
«({nal? 
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- Th^ square root of the quotient of two quantifies is equal 
to the quotient of their square roots. 

These principles enable us to transform radical expres- 
sions, or to reduce them to simpler forms ; thus, the expres- 
sion, 

9Sa¥ = 49&* X 2a ; 

hence, ^dSab* = V'49^* x 2a; 

and by the principle of (Art. 139), 

-v/49&* X 2a = V495* X V2a = W^/2a, 
In like manner, 

VisoWc^S = V9a2^2c2"x~5^ = ^ahcy/lhd. 
-v/864a255c" = -/l44a2&*cio x 6dc = 12aJVv^. 

The COEFFICIENT of a radical is the quantity without the 
sign ; thus, in the expressions, 

W^/2a^ Sabc^/5bd, 12a5VV6^, 

the quantities Wy Sabcy 12ab^c^^ are coefficients of the 
radicals, . 

141* Hence, to simplify a radical of the second degree, 
we have the following 

BIJLE. 

I. Divide the eo^>ression under the radical sign into two 
factors^ one of which shaU be a perfect square : 

n. JEIxtract the square root of the perfect square^ and 
then mvUiply this root by the indicated square root of the 
remaining factor. 

141. Give the rule for simplifying radicals of the second degree. How 
do yoa determine whether a given number has a factor which is a perfect 
Bqoare? 



186 



BLEMENTABY ALQEBBA. 



Note. — ^To determine if a given number haa any &ctor 
which is a perfect square, we examine and see if it is divi- 
sible by either of the perfect squares, 

4, 9, 16, 25, 36, 49, 64, 81, Ac; 

if it is not, we conclude that it does not contain a factor 
which is a perfect square. 

EXAMPLES. 

Reduce the following radicals to their simplest form : 

Ans, ba^^ahc 



1. -y/lbd^bc. 

2. ^/\2%h^a^d\ 
8. -/32aWc. 



4. ^/2b%a'^¥c\ 

5. '/l024a9^. 

6. ^129d'b^(^d. 

8. -/liiSaVc?*. 

9. -/I008a9<?^m8. 

10. v^lSCoi^^. 

11. ^iobd^¥d\ 



Ans. ^b'^a^d^/^. 

Ans, 4:a^b*\/2ac. 

Ans. 16aftV. 

Ans. 32a*^c2'v/a^ 

Ans. 2la^b^c^^abd, 

Ans. 15aWc\/Sabd. 

Ans. llac^d^-y/ba. 

Ans. \2a^d^m,^^/lad. 

Ans. 14a5iV-v/iL 

Ans. ^a^b^d^ -y/ba. 



142. Notes. — 1. A coefficient^ or a factor of a coeffi- 
cient^ may be carried under the radical sign, by squaring it. 
Thus, 

1. Za^-y/bc = vT^^-)^ X *c = V^o^c. 

2. 2ab^/d = 2 i/a^^d = ^Tc^b^. 



142. How may a coefficient or factor be carried under the radical ragn f 
To what is the square root of a negative quantity equal ? 
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4. &bc^/a^ - c2 = 5V^2(a2— c2). 

2. The square root of a negative quantity may also be 
amplified; thus, 

-/iTo = y^9 X - 1 = -v/9 X -/^^ = sy'^, 

and, -/^"^ = -\/4a2 x -/— 1 = 2a'/— 1 ; also, 
-/— 8a2ft = y'4a2x —26 = 2a-v/— 2* = 2aV2^ X V^; 

that is, the square root of a negative qtcatitit^ is equal to 
the square root of the same quantity with a positive sign^ 
fmiUiplied into the square root of — \. 

Reduce the following : 

1. -/— Q4:a^h\ Ans. 8a5-/^. 

2. -v/— 128a**«. Ans. Sa^^y^V^. 

3. y/^ na^U'c^. Ans. Qa^b^c^^/iby/^. 

4. -/— ^^a^bcK Ans. Aac^^abc^/^^. 
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143. SiMiLAB Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 

the radic&ls 3^^, and 5c y^ £tre similar, and so also are 

9y^, and 7^2. 

144. Radicals are added like other algebraic quantities ; 
hence, the following 

143. What are similar radicals of the second degree? 

144. Give the rule for the addition of radicals of the second degree f 
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RULE. 

1. If the radicals are similar^ add their coefficients^ and 
to the sum annex the commoji radical : 

TL If the radicals are not similar^ connect them together 
with their proper signs. 

Thus, Za^/h + hc^ = (3a + hc")yfb. 
In like manner, 

n^/^ + 3V^ = C^ + 3)V2a = lOy^. 

Notes. — 1. Two radicals, which do not appear to be sim- 
ilar at first sight, may become so by transformation (Art 
141.) 

For example, 
-v/48a^ + h^/r^a = ^h^/^a + hh^/Za = ^h^/Za\ 

2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add S-y/j 
to 5 ya, we write, 

f^^/a + Z^/h, 

Add together the following : 

1. -/27a2 and y^lso^. Ans. *la^. 

2. v^«*^^ an^ ^/I2a'^b\ Ans. \\a^h^/2. 



w- 



— - and \ -z-z' Ans, 4a\/--« 

5 V 15 V 16 

4. yT25 and v^OOo^. Ans. (6 + 10a) ySI 

Ans. — v/6. 




• 
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6. -v/oso^ and -/seaj^ — SQa\ 

Ana. 7a\/2x + 6 -y/jc^ — a\ 

7. V^8a^ and -/288a*iB«. -4;w. (7a + 12a2a;2)y^ 

8. V^ a^<l v^[28. ^/w. 14 v^ 

9. V27 and yTiY. Ans. lO-v/ST 

11. 2^'c^b and 3V'64to*. ^n5. (2a + 24aj2)y^ 

12. ^243 and 10^363. A7is. 119^3". 

13. y/S20a^b^ and V245a^. Ans. {8ab + 1a*b^)^. 

14. v^5aW and yS00a«^. ^n^. (Sa^ft^ + 10a^b^)^/3b. 



SUBTRACTION OF RADICALS. 

145. Radicals are subtracted like other algebraic quan- 
tities ; hence, the following 

RULE. 

I. ^ the radicals are similar^ subtract the coefficient of 
the subtrahend from that of th>e minuend^ and to the differ- 
ence annex the common radical : 

n. Jf the radicals are not similar^ indicate the operation 
by the minus sign, 

EXAMPLES. 

1. What is the difference between Sa\/b and ay^? 
Here, 3a y^ — ay^ = 2ay^. Ans. 



145. Gire the rule for the subtraction of radicala. 
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2. From 9a-v/2W subtract %ay/Vlh\ 
First, 9av^W = 27a^V5, and 6aV2W = ISaJy^; 
and, 27a5v^ — ISaJy^ = ^ah^/z. Ana. 

Find the differences between the following : 

a. v^ *°<i V48« -4n«. -v/3^ 

4. V24a262 and ySi^. Ana. (2ah — 3^2) y^, 

5. ^- and Y/gy- ^w«- 4^V^ 

6. -v/l28a^ and VS2a9. -4/i«. (Soft — 4a*) y^ 

7. -v/48a^^3 and y^o^. -4/w. 4aft-v/3a^ — ^^/ab. 

8. -v/242a^5 and y^2aW. Ana. {l\a?h'^ — o^) V^oF. 

9. y/| and y/?. vT^-'i* 'V Ana. \V^. 

10. -/320a2 and -/SOa^. ^/w. 4a'v/5'. 

11. -v/720a^ and V^iSoJ^i^. 

12. -v/geso^^ and v^OOo^^. Ana. l2ah'y/2. 

13. v^2a86* and ^2Qa^¥. Ana. 2a^h^^/T. 



MULTIPLIOATION OF RADICALS. 

146. Radicals are multiplied like other algebraic quan* 
tities ; hence, we have the following 

BULE. 

I. Multiply the coeffieienta together for a new coefficient: 

146. Give the riUe for the multiplication of radic&lB. 
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n. Mvltiply together the quantities under the radical 
signs: 

HE. Tlien reduce the result to its simplest form. 

1. Multiply 3a y^ by 2ya^. 

Sa^bc X 2-y/a^ = 3a X 2 x ^/bc x \/a^. 
which, by Art. 139, = 6a\/b^ac = Qab\^ac. 

Multiply the following : 

2. S\/5ab and 4-v/20a. Ans. 120av^ 

3. 1a^/bc and ^a^/bc, Ans, Qa^bc. 

4. 2a Va2"-r^ and - 3aVaM^. A. — Qa^{a^ + b\) 
6. 2ab'\/a-\' b and acy/a — ^. -4n5. ^a^bc^a^ — ^^^ 
6. 3-v/2 and 2-v/8. -47i5. 24. 
V. f-y/fo^^ and yVVf^- ^^«- i^abcy/lb. 

8. 2a; + y^ and 2x — -y/^. ^^15. 4:7? — ^. 

9. Vo-f 2-v/^ and V^a — 2V^. ^n^. y^a^ — 45. 
10. 3a'/27a3 by v^* -^^- 9a3y6^ 



DIVISION OF RADICALS. 



147. Radical quantities are divided like other algebraic 
quantities ; hence, we have the following 



BULE. 



I. Divide the coefficient of the dividend by the coefficient 
of the divisor^ for a new coefficient : 



147. Give the rule for the diTision of radicals. 
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n. Divide the quantities under the radicals^ in the same 
manner: 

in. Then reduce the result to its simplest form. 

EXAMPLES. 

i. Divide 8av^ ^7 ^ay^. 

7-' = 2, new coefficient. 
4a 

hence, the quotient is 2 X - = 



c c 

2. Divide ha^/h by 2h^. Ans. — tv/-* 

8. Divide 12aO'v/6ftc by 4c-v/2ft. -4n«. 8a-v/3c. 

4. Divide 6a-v/96ft* by Sy^. -4««. 4aftv^. 

5. Divide 4a^^/b0h^ by 2a2-v/5ft. Ans. 2h^')/vS. 

6. Divide 2Qa^b^S\a%'^ by \Zay/^. A, ^a^b-y/ah, 
1, Divide 84a3ft*yT7ac by 42ab\/sa. A. ea^b^y/c. 

8. Divide -y/j^ by -y/S. -4rw. Jo, 

9. Divide 6a2ft2y^^ by 12-v/5a. -4w«. a^S^. 

10. Divide ea^/lO^ ^7 ^V^- ^^- 2aby^. 

11. Divide 48ft*VT5 by 25^^^ ^/w, 860^2. 

12. Divide Sa^b'c^^/ld'^ by 2aV28A Ans. 2ab*(^d. 



13. Divide 96«Vy^8Z? by ASabcy'zb: A. Ucfibc^. 
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14. Divide 27a'^ft«V^la3 by -/?«• ^^- 2la^b^^/3. 
16. Divide ISaWy^ ^7 ^ahy/3. Arts. BaWy^. 

SQUABE ROOT OF POLYNOMIALS. 

148. Before explaining the rule for the extraction of the 
square root of a polynomial, let us first examine the squares 
of several polynomials : we have, 

(a + b)^ = a2 + 2ab + b\ 

(a 4- ^ + c)2 = a* + 2a5 4- ^^ + 2(a + b)c + c^ 

(a + J + c + <Z)2 = a^ 4- 2a^ + i5>2 + 2(a + b)c + c« 

+ 2(a 4- ^ 4- c)d 4- cP* 

The law by which these squares are formed can be enun- 
ciated thus : 

Tlie square of any polynomial is equal to t/ie square of 
the first term^ plus tunce the product of the first term by the 
second^ plus the square of the second ^ phis twice tJie first 
two terms midtiplied by the third, plus the square of the 
third / plus twice the first three terms multiplied by the 
fourth, plus the square of the fourth ; and so on. 

149. Hence, to extract the square root of a polynomial, 
we have the following 

BULE. 

L Arrange the polynomial with reference to one of its 
letters, and extrc^t the square root of the first term: this 
win give the first term of the root : 

148. What is the square of a binomial equal to ? What is the square 
of a trinomial equal to ? To what is the square of any polynomial equal ? 

149. Give the rule for extracting the square root of a polynomial ? 
What is the first step ? What the second ? What the third ? What the 
fourth? 
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n. Divide the second term of the polynomial by do%M$ 
the first term of tJie rooty and the quotient will be the second 
term of the root : 

HI. Then form the square of tJie algebraic sum. of the 
two terms of the root founds and subtract it from, the first 
polynomial^ and then divide the first term of the remainder 
hy double the first term of the root^ and the quotient wiU be 
the third term : 

rV*. Form the double product of the sum of the first and 
second terms by the thirds and add the square of the third; 
then subtract this result from the last remainder ^ and divide 
the first term of the result so obtained^ by double the first 
term of the root, and the quotient will be the fourth term. 
Then proceed in a similar manner to find the other terms, 

EXAMPLES. 

1. Extract the square root of the polynomial. 
First arrange it with reference to the letter a. 



26a* — 30a35 + 49aW - 24aft3 — left* 
25a* — 30a3ft + 9a2ft2 



5a^ - Soft 4- 4ft» 
10a2 



40a2ft2 — 24aft3 + 16ft* . . \st Rem. 
40a'^b^ — 24aft^ + 16ft* 

2d jRem. 

After having arranged the polynomial with reference to 
a, extract the square root of 25a* ; this gives 6a^ which 
is placed at the right of the polynomial : then divide the 
second term, — SOa^ft, by the double of 5a^ or lOa^; 
the quotient is — 3aft, which is placed at the right of 5a^. 
Hence, the first two terms of the root are 5a* — dab 
Squaring this binomial, it becomes 25a* — SOa^ft + Qa^ft*, 
\fhich, subtracted from the proposed polynomial, gives a 
remainder, of which the firs^ ^em^ is 40a'^. Dividing this 
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first term hj I0a% (the double bf Sa'), the quotient is 
4- 4^2 ; this is the third term of the root, and is written on 
the right of the first two terms. By forming the double 
product of 5a^ - Sab by 4b\ squaring 4b^, and taking 
the sum, we find the polynomial iOa^b^ — 2i(ib^ + I6b\ 
which, subtracted firom the first remainder, gives 0. There- 
fore, 5a^ — Sab + 4^2 is the required root. 

2. Find the square root of a*+ 4a^x+6a^+4aQe^-\' a?** 

Ans. a^+ 2ax + x\ 

3. Find the square root of a*— 4a^x+6a^x^— 4aa^+ aj*. 

Ans. a^ — 2ax + x\ 

4. Find the square root of 

4aJ8 + 12aj* + 5jb* - 2a^ + 1x^ - 2a5 + 1. 

Ans. 2q^ + Sx^ — X + 1. 

6. Find the square root of 

9a* - 12a^b + 2%aW — IQab^ + 16b\ 

Ans. 3a2 — 2ab + 4*2. 

6. What is the square root of 

a^ — 40053 + 4a2a2 «. 43.2 ^ q^x + 4? 

Ans. 7? — 2aa5 — 2. 

7. What is the square root of 

9a;2 — 12aj + 6ajy + y^ — 4y + 4 ? 

Ans. 3a; + y — 2. 

8. What is the square root of y* — 2y'^7?' + 2q9^ — 2y' 
+ 1 + a;* ? Ans. y^ — aj? — 1. 

9. What is the square root of 9a*i* — S^o>b'^-\- 2ha^h'^^ 

Ans. Sa^V^ — bob. 
10. Find the square root of 

25a*62 — 40aWc + YGa^^^V - 480^2^3 f 36^V — SOa^bc 

+ 24a^bc^ ~ SQa^bc^ + OaV. 
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150. We will conclude this subject with the following 
remarks : 

Ist. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz., 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a^ + ^^, is not a perfect square ; it wants the 
term ± 2a^, in order that it should be the square of a±b, 

2d. In order that a trinomial, when arranged, may be a 

perfect square, its two extreme terms must be squares, and 

the middle term must be the double product of the square 

roots of the two others. Therefore, to obtain the square 

root of a trinomial when it is a perfect square : Mctract the 

roots of the two extreme termsy and giveth^se roots the same 

or contrary signs, according as the middle term is positive 

or negative. To verify it, see if the double product of the 

two roots is the same as the middle term of the trinomial. 

Thus, 

9a^ — 48*a*ft^ + Qia^b^ is a perfect square, 

since, -/9a« = Sa^, and -/64a2j* = — Sab^ ; 

and also, 

2 X 3a3 X — Sab^ = — 4Qa^P = the middle term. 

But, id^ + liab + 9^2 ig ^ot a perfect square : for, 
although 4a^ and + 9b^ are the squares of 2a and Sb, 
yet . 2 X 2a X 35 is not equal to 14a5. 

3d. In the series of operations required by the general 
rule, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 

150. Can a binomial ever be a perfect power? Why not? When is 
a trinomial a perfect square? When, in extracting the square root, we 
find that the f^rst term of the remainder is not divisible by twice the root, 
U the polynomial o porfect power or not? 
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conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is 7iot a perfect sqiuxrey it may 
sometimes be simplified (See Art. 139). 



Take, for example, the expression, -/a^ft + 4a^b^ + 4ab^. 

The quantity under the radical is not a perfect square ; 
but it can be put under the form ab{a^ + 4ab 4- 4b\) 
Now, the &ctor within the parenthesis is evidently the 
square of a + 2ft, . whence, we may conclude that, 

-/a^i + 4a^b^ + 4aft3 = {a + 2b) y/c^. 

2. Reduce \^2a^b — 4aft2 -f- 2b^ to its simplest form. 

Ans, (a — b) y^. 
a Ar V/ ' 
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CHAPTER Vm. 

EQUATIONS OF THE SECOND DEGBEB. 
EQUATIONS CONTAINING ONE UNKNOWN QUANTITY. 

151. An Equation of the second degree containing but 
one unknown quantity, is one in wjiich the greatest exponent 
is equal to 2. • Thus, 

Q^ = a, aa? -^-hx -=1 c^ 
are equations of the second degree. 

152. Let us see to what form every equation of the 
second degree may be reduced. 

Take any equation of the second degree, as, 

(1 + a)^ - ^aJ - 10 = 5 -.| 4- J- 

Clearing effractions, and performing indicated operations, 
we have, 

4 -f 805 + 4a5« — 305 — 40 = 20 — a; + 2a5\ 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of a;, we have, 

4052 — 2a;2 + 805 - 3a; + aj _» 20 + 40 — 4 ; 

161. What is an equation of the second degi-ee ? Give an example. 
152. To what form may every equation of the second degree be reduced? 
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and, by reducing, 

2aj2 4- 6aj = 66 ; 

dividing by the coefficient of a*, we have, 

a;2 4- 3a; = 28. 

K we denote the coefficient of x by 2/?, and the second 
member by q^ we have, 

Q^ + 2px = q. 
This is called the reduced equation, 

153* When the reduced equation is of this form, it con- 
tains three terms, and is called a complete equation. The 
terms are. 

First Term. — ^The second power of the unknown quan- 
tity, with a plus sign. 

Second Term. — ^The first power of the imknown quantity, 
with a coefficient. 

Third Term. — ^A known term, in the second member. 

Every equation of the second degree may be reduced to 
this form, by the following 

RULE. 

I. Clear the equation of fractions^ a/nd per form all the 
indicated operations : 

n. Transpose all the unknown terms to the first member^ 
and aU the known terms to the second member : 

163. How many terms are there in a complete equation? What is the 
first term ? What is the second term ? What is the third term ? How 
many operations are there in reducing an equation of the second degree 
to the required form ? What is the first ? What the second ? What the 
third ? What the fourth ? 
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/ 

Ulr Reduce aU the terms cofitaining the square of the 
unknown quantity to a single term^ 07ie factor of which is 
the square of the unknown quaiitity ; reduce^ alsOy aU the 
terms containing the first power of the unknown quantity^ 
to a single term : 

IV. Divide both members of the resulti9ig equation by 
the coefficient of the square of the unknown quantity. 

154. A Root of an equation is such a value of the un- 
known quantity as, being substituted for it, will satisfy the 
equation ; that is, make the two members equal. 

The SoLui^ON of an equation is the operation of finding 
its roots. 

INCOMPLETE EQUATIONS. 

155. It may happen, that 2/?, the coefficient of the first 
power of SB, in the equation x | ^ | ^ = qy is equal to 0. 
In this case, the first power of'^^inll disappear, and the 
equation will take the form, 

^= ^ (1.) 

This is called an incomplete equation ; hence, 

An INCOMPLETE EQUATION, whcu rcduccd, contains but 
two terms ; the square of the unknown quantity, and a 
kno^vn term. 

156. Extracting the square root of both members ^of ^l; 
Equation ( 1 ), we have, j^^ 

X = ±y/q. 

154. What iftthe root of an equation?^ What is the solution dAi 
equation ? 

155. What form will the reduced equation take when the coefficieni of 
a; is ? What is the equation then called ? How many terms are there 
in an incomplete equation ? What are they ? 

156. What is the rule for the solution of an incomplete equation? 
How many roots are there in every incomplete equation ? How do the 
ToqUi cotnpare with each other? 






<'^ 
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Heuce, for the solution of incomplete equations : 

BULE. 

I. JReduct the equation to the form a? ^ q: 
n. Then extract the square root of both members. 

Note. — ^There will be two roots, numerically equal, but 
having contrary signs. Denoting the first by a;', and the 
second by aj", we have, 

a/ = +V^, and a?" = — Vfi'* 

VERIFICATION. 

Substituting + y^, or — yy, for a;, in Equation ( 1 ), 
we have, 

i+Vqy-qi and, (-y^)* = g; 

hence, both satisfy the equation ; they are, therefore, roots* 
(Art. 154.) 

EXAMPLES. 

1. What are the values of a; in the equation, 

Sx^+ S = 6a;2 — 10 ? 

By transposing, Sa;^ — 6a^ = — 10 — 8. 

Reducing, — 2aj2 = — 18. 

Dividing by — 2, x^ = 9, 

Extracting square root, a; = d= -y/S = + 3 and — 8. 

Hence, a;' = +3, and aj" = — 3. 

2. What are the roots of the equation, 

3a2+ 6 = 4a;2-. 10? 

Ans. x' = -f 4, «" = — 4, 
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3. What are the roots of the equation, 

•1 01? 

-jb3- 8 = ~+ 10? 
3 9 

Arts, 05' = +9, as" = — 9. 

1. What are the roots of the equation, 

4aja + 13 — 2a;2 = 46 ? 

An8. a;' = +4, a/' = — 4. 

6. What are the roots of the equation, 

6a;2 — 7 = 3052 + 5 ? 

Am. a;' = +2, a5" = — 2. 

6. What are the roots of the equation, 

8 + 6*^ = ~+ 435*+ 28? 
5 

Ans. 35' = +5, a5" = — 5. 

7. What are the roots of the equation, 

8 3 

Arts, a;' = +6, a;" = — 5. 

8. What are the roots of the equation, 

a52 + aJ = 5x2 ? 

Ans. 35' = + iy/abj a5" = — ^v^a& 

9. What are the roots of the equation. 



x^a + x^ =z b + a^? 

And. 05' = -7 , as" = ^ . 

ya — 26 va — 2i 
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PROBLEMS. 

1. What number is that which .being multiplied by itself 
the product will be 144 ? 

Let X = the number : then, 

X X X = Q^ zzz 144. 

It is plain that the value of x will be found by extracting 
the sqiiare root of both members of the equation: that is, 

V^= yTil- that is, X = 12. 

2. A person being asked how much money he had, said, 
if the number of dollars be squared and 6 be added, the sum 
will be 42 : how much had he ? 

Let X = the number of dollars. 

Then, by the conditions, 

«»+ 6 = 42; 
hence, a?* = 42 — 6 = 36, 

and, a; = 6. Ans, |6. 

3. A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multiplied by 7, the product will be 1675. How many 
pounds had he sold ? 

Denote the number of pounds by x. Then, by the con- 
ditions of the question, 

7a^ = 1575 ; 
hence, x"^ = 225, 

and, X = 15. Ans. 15. 

4. A person being asked his age, said, if from the square 
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of my age in years, you take 192 years, the remainder will 
be the square of half my age : what was his age ? 

Denote the number of years in his age by as. 

Then, by the conditions of the question, 



x»_192 = (i«)3= J. 



and by clearing the fractions, 

4a^ — 768 = aj2 . 

hence, 4aj2 — a? = 768, 

and, 3aJ2 = 768, 

aj2 = 256, 

X = 16. Ans, 16 years. 

5. What number is that whose eighth part multiplied by 
its fifth part and the product divided by 4, will give a quo- 
tient equal to 40 ? 

Let X = the number. 

By the conditions of the question, 

(|cx^a.)^4 = 40; 

hence, ^ — = 40; 

by clearing of fractions, 

aj2 = 6400, 

X r= 80. Ans. 80. 

6. Find a number such that one-third of it multiplied by 
one fourth shall be equal to 108. Ans, 36. 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 8 ? Ans. 30. 
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8. What number is that whose square, plus 18, will be 
equal to half the square, plus 30| ? Ans, 5. 

0. What numbers are those which are to each other as 
1 to 2, and the difference of whose squares is equal to 75 ? 

Let X = the less number. 
Then, 2x = the greater. 

Then, hj the conditions of the question, 

4aj» — aj» = 76 ; 

hence, Bx^ = 76, 

and by dividing by 3, a^ = 25, and as r= 6, 

and, 2a; = 10. 

Ans, 5 and 10. 

10. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44 ? 

Let X = the greater number. 
Then, -x = the less. 

By the conditions of the problem, 

25 
qA 352 -. 44 . 

86 ' 
by clearing effractions, 

36a? — 25aj2 = 1684 ; 

hence, llaj^ = 1584, 

and, 05* = 144 ; 

hence, a; = 12, 

and, 5* = 10- 

An». 10 and IS. 
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11. What two numbers are those which are to each other 
as 3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

12. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose squares is 584 ? 

Ans. 10 and 22. 

13.-4 says to ^, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

Ans. 1?^^^ ^J' 
( Younger, 4. 

lloo unknoton quantities. 

157. When there are two or more unknown quantities: 

L Eliminate one of the unknoton quantities hy Art. 
113; 

n. Then extract the square root of both members of the 
equation. 

PROBLEMS. 

1. There is a room of such dimensions, that the difference 
of the sides multiplied by the less, is equal to 36, and the 
product of the sjdes is equal to 360 : what are the sides ? 

Let X = the length of the less side ; 

y = the length of the greater. 
Then, by the first condition, 

(y — x)x = 36 ; 
and by the 2d, ccy = 360. 

16*1* How do you proceed when there are two or more unknown qoan* 
ti«ftcif 
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From the first equation, we have, 

ay — a;2 -. 3^ . 

and by subtraction, ^ = 324. 

Hence, x = y'324 = 18; 

y = ^= 20. 

Ane. 35 = 18, y = 20. 

2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contained yards. Now, he gets 
four times as much for one piece as for the other : how many 
yards in each piece ? 

Let X = the number of yards in the larger piece ; 

y = the number of yards in the shorter piece. 

Then, by the conditions of the question, 

a; + y = 12. 

a; X a; = ic? = what he got for the larger piece ; 

y X y = y^ = what he got for the shorter ; 

and, aj* = 4y2, by the 2d condition, 

35 = 2y, by extracting the square root. 

Substituting this value of a; in the first equation, we have, 

y + 2y = 12 ; 

and, consequently, y = 4, 

and, a; = 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
the quotient of the igreater by the less, Z\ ? Ans. 10 and 3, 

4. The product of two numbers is a, and their quotient 

h : what are the numbers? yj" 

Ana, ^/aS>^ and \/t» 
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5. The sum of the squares of two nnmben is 117, -and the 
difference of their squares 45 : what are the numbers ? 

Ans. and 6. " 

6. The sum of the squares of two nimibers is a, and the 
difference of their squares is b : what are the numbers ? 



Am. x = y^^^^, y = \/- 



-i 



2 

*I. What two numbers are those which are to each other 
as 3 to 4, and the sum of whose squares is 225 ? 

Ans. 9 and 12. 

8. What two numbers are those which are to each other 
as m to n, and the sum of whose squares is equal to a* ? 

. ma na 

0. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ana. 5 and 10. 

10. What two numbers are those which are to each other 

as m to n, and the difference of whose squares is equal to 5^ ? 

^ mh nb 

Ans. ■; .. =, 

ym^ — n^ ym* — n' 

11. A certain sum of money is placed at interest for six 
months, at 8 per cent, per annum. Now, if the sum put at 
interest be multiplied by the number expressing the interest, 
the product will be $562500 : what is the principal at in- 
terest? Ans. $3750. 

12.* A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one-half 
as many dollars as there are persons, and the women, twice 
flB many dollars as there ar<5 boys, aiid together they receive 
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138 dollars: Low many women were there, and how many 

hoys? 

36 women. 

48 hoys. 

COMPLETE EQUATIONS. 



Ans, j 



158* The reduced form of the complete equation (Art. 

153) is, 

x^ + 2px = q. 

Comparing the first memher of this equation with the 
square of a hinomial (Art. 54), we see that it needs hut the 
square of half the coefficient of x^ to make it a perfect square. 
Adding p^ to hoth members (Ax. 1, Art. 102), we have, 

x^ + 2px + p^ = y + jP^. 

Then, extracting the square root of both members (Ax. 6), 
we have, 

X + p =z ± \/q + p\ 

Transposing p to the second member, we have, 

X = —p ± -y/q + jp2. 

Hence, there are two roots, one corresponding to the pLu% 
sign of the radical, and the other to the vmnvA dgn. De- 
noting these roots by x' and a/', we have, 

a/ = — ^ + ^q -f p\ and a/' = — p — -y/q + p^. 

The root denoted by as' is called the first root ; that de- 
noted by x" is called the second root. 

158. What is the form of the reduced equation of the second degree f 
What is the square of the binomial x + pJ How many of those terms 
are found in the first term of the reduced equation? What must be 
added to make the first member a perfect square ? How many roots are 
there in drery equation of the first degree f What is the first root equal 
to ? What is the second equal to f 
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159. The operation of squaring half the coefficient of 
X and adding the result to both members of the equation, is 
called Completing the Square, For the solution of every 
complete equation of the second degree, we have the fol- 
lowing 

BULE. 

L Reduce the equation to theform^ x^ + 2px = q: 

n. Take half the coefficient of the second term^ square 
itj and add the result to both members of the equation : 

in. Then extract the square root of both members ; after 
which^ transpose the hnown term to the second member, 

K 

Note. — ^Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he should be able, in all cases, to write the roots immediately, 
by the following (See Art. 168) 

BITLE. 

I. The first root is equal to half the coefficient of the 
second term of the reduced equationy taken with a contrary 
sign^ plus the square root of the second member increased 
by the square of half the coefficient of the second term : 

n. The second root is equal to half the coefficient of the 
second term of the^ reduced equalion^ taken with a contrary 
siguy minus the square root of the second member increased 
by the square of half the coefficient of the second term. 

160. We will now show that the complete equation of 

159. What is the operation of completing the square? How many 
operations are there in the solution of every equation of the second de- 
gree ? What is the first ? What the second ? What the third f Give 
the rule for writing the roots without completing the square ? 

160. How many forms will the complete equation of the second degree 
assume ? On what will these forms depend ? What are the signs of 2/> 
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the second degree will take four forms, dependent on the 
fflgns of 2p and q. 

1st. Let us suppose 2p to be positive, and q positive ; we 
shall then have, 

x^ + 2px = q ( i.) 

2d. Let us suppose 2p to be negative, and q positive ; 

we shall then have, 

aj2 — 2^05 z= q. .... (2.) 

8di Let us suppose 2p to be positive, and q negative ; 
we shall then have, 

x^ + 2px = — g. ... (3.) 

4th. Let us suppose 2p to be negative, and q negative ; 

we shall then have, 

ajz— 2^ = — 3^. . . . (4.) 

As these are all the combinations of signs that can take 
place between 2p and q^ we conclude that every complete 
equation of the second degree will be reduced to one or the 
other of these four forms : 

aj^ 4- 2px = + g', . . 1st form. 

tt^ — 2^05 z= + qj . . 2d form. 

• x^ + 2px =z — q^ . . 3d form. 

a? — 2px = — g', . . 4th form. 

EXAMPLES OF THE FIBST FOBM. 

1. What are the values of aj in the equation, 

2x^ 4- 8a5 = 64 ? 
If we first divide by the coefficient 2, we obtain 

x^ + 4x = 32. 

and q in the first form? What in the second? What in the third? 
What in the fourth ? 



213 ELKMENTABT ALGEBRA. 

Then, completing the square, 

a;2 + 4a; + 4 = 32 + 4 = 36. 
Extracting the root, 

X + 2 =z ± ySe = -f 6, and — 6. 
Hence, «/= — 2 + 6 = +4; 

and, a/'=— 2 — 6 = — 8. 

Hence, in this form, the smaller root, numericallj, is pocitiTe, 
and the larger negative. 

VERIFICATION. 

If we take the positive value, viz. : a/ = + 4, 
the equation, x^ + 4x = 32, 

gives 42 + 4 X 4 = 32 ; 

and if we take the negative value of a;, viz. : a/' = — 8, 

the equation, x^ + 4x = 32, 

gives (— 8)2 + 4(— 8) = 64 - 32 = 32 ; 

from which we see that either of the values of a, viz.: 
a/ = + 4, or a;" = — 8, will satisfy the equation. 

2. What are the values of a; in the equation, 

3aj2 + 12a; — 19 = — ai* — 12a; + 89? 
By transposing the terms, we have, 

3a;2 + x^+ 12a; + 12a; = 89 + 19; 

and by reducing, 

4a;2+ 24a; =108; 

and dividing by the coefficient of a;^, 

aj2+ 6a; = 27. 
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Now, by completing the square, 

aj2+ 6a5 + 9 = 36; 
extracting the square root, 

X + B =z ± ^36 = + 6, and — 6 ; 

hence, 3/ = +6 — 8 = +3; 

and, aj" = — 6 — 3 = — 9. 

VERIFICATION. 

If we take the plus root, the equation, 

jb2 + 6a5 = 27, 
gives (3)^+ 6(3) = 27; 

and for the negative root, 

aj2 + 6jb = 27, 

gives . (- 9)2 + 6(— 9) = 81 — 64 = 27. 

3. What are the values of a; in the equation, 

a2 — lOaj + 16 = - - 34aj + 165 ? 

5 

By clearing effractions, we have, 

6a;2 — 50a; + 75 = a;2 _ i^oa; + 775; 

by transposing and reducing, we obtain, 

4aj2 + 120a; = 700 ; 

then, dividing by the coefficient of x\ we have, 

a;2 + 30a; = 175 ; 
and by completing the square, 

aj2 + 30aj -f 225 = 400 j 
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and by extracting the square root, 



x+ 15 =z ±yi00 = + 20, and — 20. 
Hence, a/ = + 6, and a/' = — 35. 

VERIFICATION. 

For the plus value of jc, the equation, 

aj2 + 30a; = 175, 
gives, (5)2 + 30 X 5 = 25 + 150 = 176. 

And for the negative value of a^ we have, 

(- 35)2 + 30(— 35) = 1225 — 1050 = 175. 

4. What are the values of a; in the equation, 

5 , 1.8 « 2 , . 273^ 

6 2^4 3 ^12 

Clearing of fractions, we have, 

10a;2 - 6a; + 9 = 96 — 8a5 — 12a?» + 273; 

transposing and reducing, 

22a;2 + 2a5 = 360 ; 

dividing both members by 22, 

2 _ 360 
^ ■*" 22^ - ~22' 

Add ( 1)' to both members, and the equation becomes, 

^ 22 ^ \22/ ~ 22 ^ \22/' 
whesce, by extracting the square root, 

^ 22 *^ ^ V 22 ^ \22/' 



a;2 



X 
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therefore, 

, 1 , . /360 , / 1 \' 

and, 0-'= ^^-y^4.(^y. 

It remains to perform the numerical operations. In the 
first place,^ 



360 
22 "*" 



(22)' 



must be reduced to a single number, having (22)^ for its 
denominator. Now, 

360 M \2 _ 360 X 22 + 1 __ ^^921 
22 "^122/ "" (22)2 — (22)2 > 

extracting the square root of 7921, we find it to be 89; 
therefore, 

89 



/^ A. (JLY - 
V 22 \22/ 



=^22 



Consequently, the plus value of x is. 



"" 22 "*" 22 "" 22 "~ ' 
and the negative value is, 

"- - -1 - ?? — _ 15. 
^ "" 22 22 "" "* 11 * 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fraction. 

Note. — ^Let the pupil be exercised in writing the roots, in 
the last five, and in the following examples, without com' 
pUting tJi€ squwe. 



216 ELKMENTABY ALOXBBA. 

* 

5. What are the values of a; in the equation, 

Sjb' + 205 — 9 = 16? . 

Am. \ , ~ * _ 

( 05"= — 6|. 

6. What are the values of a5 in the equation, 

2a!»+8i>!+7 =— - — - + 197? 

7. What are the values of as in the equation, 

05^ 05 85^ 

-~g+15 = --805+95}? 

Am, \ ,," ' ^._ 
( 05"= — 64 J. 

8. What are the values of 05 in the equation, 

05^ 6fl5 05 

____8 = --7a, + 61? 



^"'- I ^'= - 7J. 



9. What are the values of 05 in the equation, 

a5'05_052 0513 

2*4""6""l0'^20 



( o;' = 1 
^"*- U" = - 2*. 



EXAMPLES OP THE SECOND FOBM. 

1. What are the values of x in the equation, 

aj2 - 8j; + 10 = 19? 
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By transposing, 

a2 - 8a; = 19 — 10 = 9; 
then, by completing the square, 

x^ - Sx+ IG =z 9 + 16 = 25 ; 
and by extracting the root, 

a; — 4 = ± -v/25 = -f 6, or — 6. 

Hence, 

aj' = 4 + 5 = 9, and aj" = 4 — 5 — - 1. 

That is, in this form, the larger root, numerically, is 
positive, and the lesser negative. 

VERIFICATION. 

If we take the positive value of a?, the equation, 

a;^ — 8a; = 9, gives (9)^ — 8x9 = 81 — 72 = 9; 

and if we take the negative value, the equation, 

ar^ - 8a; = 9, gives (~ 1)2 _ 8 (~ 1) = 1 +8 = 9; 

from which we see that both roots alike satisfy the equa- 
tion. 

2. What are the values of a; in the equation, 

By clearing of fractions, Xve have, 

6a;2 + 4a; — 180 = 3x^ + 12a; — 177 , 
and by transposing and reducing, 

2x^ -« 8a; = 3 ; 
and dividing by the coefficient of a;^, we obtain, 

ai2- fa; =r 1. 
10 3 
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TheD, by completing the square, we have, 

. 8 , 16 , , 16 25 
3^9 ^9 9 * 

and by extracting the square root, 




Hence, 



^4,6 ,^ ,,,46 1 

05'= — h- = +3, and a;"= = — - 

3^3 ^»**" 33 3 



VERIFICATION. 

For the positive root of as, the equation, 

aj2 - -05 = 1, 

Q 

gives 32 — -x3 = 9 — 8 = 1; 

and for the negative root, the equation, 

a;2 X = 1, 

3 ' 

/ IV 8 1 1,8 

^^^« l"-3)-3^~3 = 9 + 9 = ^ 



3. What are the values of a; in the equation, 

"2 " 3 



-^+7f = 8? 



Clearing of fractions, and dividing by the coefficient of 
x^y we have, 

aj2 - |b = 1}. 
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Completing the square, we have, 

2 2,1 ,, , 1 49 
3 9 *^ 9 36 ' 

then, by extracting the square root, we have. 




hence, 



3 6 6 ^' 3 6 6 



VERIFICATION. 



If we take the positive root of cc, the equation, 

jc2 - -a; = 11, 

gives my ^ ? X li = 2f - 1 = U; 

and for the negative root, the equation, 

x^ --X == 1}, 

/ 6V 2 6 25 .10 45 

^^"^ (- e) - 3 ^ - 6 = 36 + 18 = 36 = ^*- 



4. What are the values of a; in the equation, 
4a2 — 2aj2 + 2ax = ISab - 18^2? 

By transposing, changing the signs, and dividing by 2, 
the equation becomes, 

^2 — cfjc = 2a2 — 9aJ + 9^^ ; 
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wlience, completing the square, 

a;2 _ aaj + ^ = 9ab + 9b^; 

4 4 

extracting the square root, 



X 



-f±>/^-9aJ + 96^ 



Q^2 

Now, the square root of — 9ab + 9b\ is evidently 

-- — 2b, Therefore, 

What will be the numerical values of ic, if we suppose 
a = 6, and 6 = 1? 

6. What are the values of aj in the equation. 



^a; - 4 - a.2 + 2a; - -a;2 = 45 — Sa;^ + 4a; ? 



within 



. ja;' = 7.12)towithi 
^'''' ( a;" = - 6.73 ) 0.01. 



6. What are the values of x in the equation, 

8a;2 — 14a; + 10 = 2a; + 34 ? 

^^^- I J' Z !l 1. 

7. What are the values of a; in the equation, 

x^ 

-- — 30 -f a; = 2a; - 22 ? 

4 



^'**- 1 1" = !l 4. 



8. What are the values of x in the equation. 



a;2 



a;2- 8a; + -- = 9a;+ 13^? 

Ans 



\x' =9. 
• ( a;" c - 1. 
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9. What are the values of a; in the equation, 
2aaj — aj2 ^ ^ 2ab — b^? 

j aj' = 2a + ft. 
^'^' («"= -ft. 

10. What are the values of a; in the equation, 



Ans, -< 



a2 + 52 _ 2ftaj + aJ^ = 
n 



n^ 



x' = 



n^ — m^ 



aj" 



Ibn + ^c^rr? -\- b'^m? — a^n^y 
= -5 Abn — -i/a^m^ + ft^m^ — aV^V 



EXAMPLES OF THE THIRD EOBM. 

1. What are the values of a> in the equation, 

x^+ 4x = — 3 ? 
First, by completing the square, we have, 

x^+ 4x + 4 = — 3 + 4 z= 1; 
and by extracting the square root, . 

a5-f2r=: ±-v/i = +l, and -«1; 
hence, xf = — 2 + 1 = — 1; and aj" = — 2 — 1 = — 3. 

That is,' in this form both the roots are negative. 

VEEIFICATION. 

If we take the first negative value, the equation, 

a;2 + 4a5 = -« 3, 
gives (- 1)2 + 4(— l) = i— 4=— 3; 

and by taking the second value, the equation, 

x^ + 4x = — 8, 
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gives (— 3)2 -h4( -3) = 9-12 = ~3; 

hence, both values of x satisfy the given equation. 

2. What are the values of a; in the equation, 

— — — 605 — 16 = 12 + iai2 + 605? 

By transposing and reducing, we have, 

— JB^ — 1105 = 28 ; 

then, dividing by — 1, the coefficient of a?, we have, 

a;2 + 1105= — 28; 

then, by completing the square, 

jc2+ 1105 + 30.26 = 2.25; 



hence, 05 + 6.5 = ±^2.25 = +1.5, and —1.5; 
consequently, 05' = — 4, and 05" = — 7. 

3. What are the values of 05 in the equation, 

— - — 205 — 5 = -oj« + 5o5 + 5 ? 



^'^•{J'= -s! 



4. What are the values of 05 in the equation, 

2fl;2 + 805 = — 2| — ?05 ? 

6. What are the values of 05 in the equation, 
4«2 + -a; + 305 = - 1405 — 3} — 4o;2 ? 



A71S. \ „ ** 

( a;" = - 2. 
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6. Wliat are the values of a; in the eqiiation, 

3 4a;2 

• — a;^ — 4 — a = --- + 24a; + 2 ? 

4 2 



(x" = — 8. 



7. What are the values of aj in the equation, 

1 8 

-a;2 + Ya; + 20 = — -a;2 — Ux — 60 ? 



^'**- 1 ^' = - lo! 



8. What are the values of a; in the equation, 

^2 1 1 ni 1 2 !« 

-a;^ — aj + - = — 91a5 — -a^ — - r 
6 2 * 6 2 



( a;" = - 8. 



9. What are the values of x in the equation, 
~a;2 + 6a; + 2 = -^^ - ^J^a; - ^^ 

O 4 O 4 

'' \ X- 

10. WTiat are the values of a; in the equation, 

a;-a;2— 3 = 6a; +1? 



^-- ^ ~ • i - lo! 



■^^•1^''= -l! 



11. What are the values of a; in the equation, 

a;2 + 4a5 — 90 = — 93 ? 

EXAMPLES OP THE POUETH POEM. 

1. What are the values of a; in the equation, 

, ar* - Sa; = - 7 ? 
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By completing the square, we have, 

sc^ - 8aj 4- 16 = — 7 + 16 = 9; 
then, by extracting the square root, 

aj— 4=±-v/9=-|-3, and — 3 ; 
hence, a' = -f- */, and cc" = -f- 1. 

That is, in this form, both the roots are positive. 

VERIFICATIOX. 

If vre take the greater root, the equation, 
x^ — Sx z= — 7, gives, 7- — 8x7 = 49 — 66 = — 7; 
and for the lesser, the equation, 

a;2 _ 8aj = — 7, gives, l^ — 8x1 = 1 — 8 = — 7; 
hence, both of the roots will satisfy the equation. 

2. What are the values of x in the equation, 

40 
— l^x- + 3aj - 10 = liaj2 - 18a; H ? 

By clearing of fractions, we have, 

— 3x- -h 6ic — 20 = 3aj2 - 36a; + 40 ; 

then, by collecthig the similar terms, 

— 6a;2 + 42a; = 60 ; 

then, by dividing by the coefficient of x\ which is — 6, 
we have, 

a;« — 7a; = — 10. 

By completing the square, we have, 

a.2 — 7a; + 12.25 = 2.25, 
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and by extracting the square root of both members, 



a; — 3.5 s= ±^^2.25 = -j- 1.5, and — 1.5; 
hence, 

x' = 8.5 + 1.5 = 5, and x" = 3.5 - 1.5 = 2. 

VERIFICATION. 

K we take the greater root, the equation. 
a;2 — 7a. = 1 lo, gives, 6^ — 7 X 5 = 25 — 35 = — 10; 
and if we take the lesser root, the equation, 
x^—nxzzz — 10, gives, 22 — 7 X 2 = 4 — 14 = — 10. 

3. What are the values of x in the equation, 

— 3a; + 2a;2 + 1 = I7fa; - 2a;2 - 3? 
By transposing and collecting the terms, we have, 

4aj2 — 20|a5 = — 4 ; 
then dividing by the coefficient of x^^ we have, 

7? — h\x = — 1. 
By completing the square, we obtain, 

* 25 ^25 25 ' 

and by extracting the root, 

, «, yTii 12 , 12 

hence, 

aj' = 2J + y = 5, and, aj" = 2| - - = -. 

VERIFICATION. 

If we take the greater root, the equation, 
a? - 5f« =: - 1, giv(?s, 52-5^ x5=: 26 -26 = — 1; 
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and if we take the lesser root, the equation, 

«:^-5ia.= -l, gives, y-5ix-=--^ = -l. 



4, What are the values of x in the equation, 



-x^ — 3x 4- - = x^ 4- -X ? 

^ ~ 2 7 4 4 



Ans, 



i 35' =3. 

• ( x'^ = h 



5. What are the values of a; in the equation, 
— 4a;2 -^ ?«. + 1^ = — 5a^ + sx? 



^^^- 1 1- = I 



6. What are the values of a; in the equation, 

8 1 11 

V. What are the values of x in the equation, 

x^ - 10tV« = — 1 ? 



. (05' = 10. 



8. What are the values of a? in the equation, 

1 7fl;2 2iK^ 

- 27aJ + -— - + 100 = — - + 1205 — 26 ? 
5 5 

9, What are the values of 05 in the equation, 

^ 2205 + 15 = :;- + 28o5 — 30 ? 

3 ^ 3 ^ 
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10. What are the values of a; in the equation, 

2a;2 — 30a5 + 3 = — aj^ + Z^^x — :^? 



PROPERTIES OF EQUATIONS OF THE SECOND DEGREE. 

PIEST PROPERTY, 

161. We have seen (Art. 151), that every complete 
equation of the second degree may be reduced to the form, 

x^+ 2px = q. . . . , ( 1.) 
Completing the square, we have, 

x^ + 2px + /)2 -_ g' + ^2 . 

transposmg q -{- p' to the first member, 

a?8+ 2pa5+jo2_ (2^4.^2) -_ 0. . (2.) 

Now, since x^ + 2px + p^ is the square of x + p, and 

q + p^ the square of ^^"4- p^^ we may regard the first 
member as the difference between two squares. Factoring, 
(Art. 56), we have, 

{X+P+ Vq -^P^) {^-^P- V^+F") = 0. . (8.) 

This equation can be satisfied only in two ways : 

1st, By attributing such a value to aj as shall Tender the 
first factor equal to ; or, 

161. To wliat form may every equation of the second degree be re- 
duced ? What form will this equation take after completing the square 
and transposing to the first member ? After factoring ? In how many 
wayB may Equation { 3 ) be satisfied ? What arc they ? How many roots 
has every equation of the second degree ? 
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2d. By attributing such a value to a; as shall render the 
second factor equal to 0. 

Placing the second factor equal to 0, we have, 

x+p — ^/q+p^ = 0; and aj' = — />+ Vq+P^' (*•) 
Placing the first factor equal to 0, we have, 

« -\-p + Vfi' -f-jo' = 0; and a?" = —p — \^q -hp^' (5.) 

Since every supposition that will satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that x' and x" are roots of Equation ( 1 ) ; also, that 

Every equation of the second degree has two roots^ and 
only two. 

Note. — ^The two roots denoted by x' and a;", are the 
same as found in Art. 168. 

SECOND PROPERTY. 

163. We have seen (Aii;. 161), that every equation of 
the second degree may be placed under the form. 



(aj -f /> + V^ + P^) {^ + P — -yjq + P^) = 0. 

By examining this equation, we see that the first factor^ 
may be obtained by subtracting the seco7id root from the 
unknown quantity x ; and the second factor by subtracting 
the^r^^ root from the unknown quantity x ; hence. 

Every equation of the second degree may he resolved into 
two binomial factors of the first degree^ the first terms^ in 
both factors^ being the unknown quantity^ and the second 
terms^ the roots of tJie equation^ taken with contrary signs. 

162. Into how many binomial factors of the first degree may every 
equation of the second degree be resolved ? What are the first terms of 
these factors ? What the second ? 
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THIRD PROPERTY. 



163* If we add Equations (4) and (5), Art. 161, we 
have, 

a' = — j9 + ^fq^' p^ 

05"= — jo — -y/q + p^ 



a/ + jc" = — 2p; that is, 

In every reduced equation of the second degree^ tJie sum 
of the two roots is equal to the coefficient of the second term^ 
taken with a contrary sign. 

FOURTH PROPERTY. 

164. If we multiply Equations (4) and (6), Art. 161, 
member by member, we have, 

aj' X a; " = (— i> + Vq + p^) {— P — V^ + P^) 
=z p^ ^ [q '\- p^) — — q\ that is. 

In every equation of the second degree^ the pi'oduct of 
the two roots is equal to the known term in the second menir 
ber^ taken with a contrary sig7i. 



FORMATION OF EQUATIONS OF THE SECOND DEGREE. 

165'. By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots ; that is, if they are known, we can find the corre- 
sponding equations by the following 

RULE. 

I. Subtract each root from the unknown quantity : 

163. Wha^ is the algebraic sum of the roots equal to in every equatioa 
of the second degree ? 

164.. What is the ptoduct of the roots equal to ? 

Ii5'5. How will ycm find the equation when the Mots a» knOWtxf 



280 ELEMBNTART ALGEBBA. 

n. Multiply the resuUs together^ and place their product 
equal to 0. 

EXAMPLES. 

Note. — ^Let the pupil prove, in every case^ that the roots 
will satisfy the third and fourth properties. 

1. If the roots of an equation are 4 and — 6, what is the 
equation ? . . Ans, a^ + x = 20. 

2. What is the equation when the roots are 1 and — 3 ? 

Ans. a? + 2x = 3, 

3. What is the equation when the roots are and — 10 ? 

Ans, x^ + X = 90. 

4. What is the equation whose roots are. 6 and ~ 10 ? 

Ans. a;2 -f- 4aj = 60. 

6. What is the equation whose roots are 4 and — 3 ? 

Ans, x^ — X = 12. 

6. What is the equaticin whose roots are 10 and — ^V ? 

Ans, x^ — 9^^x = 1. 

7. What is the equation whose roots are 8 and — 2 ? 

Ans, x'^ -^ 6x =z 16. 

8. What is the equation whose roots are 16 and — 5 ? 

Ans, aj2 __ iijg -- 80. 

9. What is the equation whose roots are — 4 and — 5 ? 

Ans. a* -f- Oaj = —20. 

10. What is the equation whose roots are — 6 and — 7 ? 

Ans. T? + 1305 = — 42. 

— ^ 3 

11. What is the equation whose roots are — j and — 2 ? 

Ans, 7? + 2Ja3 = • 

* 2 

12. What is the equation whose roots are — 2 and — 3 ? 

Ans. x^ + 5x = — 6. 
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13. What is the equation whose roots are 4 and 3 ? 

Ans, x^ — Vic = — 12. 

14. What is the equation whose roots are 12 and 2 ? 

Atis. fic- — 14a; = — 24. 

16. What is the equation whose roots are 18 and 2 ? 

Ans. x^ — 20a; = — 30. 

16. What is the equation whose roots are 14 and 8 ? 

Ans. x^ — llx = — 42. 

4 9 

17. What is the equation whose roots are - and — - j? 

A71S. x^ + --a; = 1. 
36 

. . '2 

18. What is the equation whose roots are 6 and ? 

A 2 13 10 

Ans. x^ —X = — • 

3 3 

19. What is the equation whose roots are a and b ? 

Ans. x^ — {a + b)x = — a&. 

20. What is the equation whose roots are c and — d? 

Ans, a;* — (c — c?) a; = cd. 



TRINOMIAL EQUATIONS OF THE SECOND DEGREE. 

165/ A trinomial equation of the second degree con- 
tains three kinds of terms : 

1 St. A term involving the unknown quantity to the second 
degree. 

2d. A term involving the unknown quantity to the first 
degree ; and 

3d. A known temi. Thus, 

a;2 — 4a; — 12 = 0, 
is a trinomial equation of the fii*8t degree. 
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FACTOEING. 

165.** What are the factors of the trinomial equation, 

aj2— 4a5 — 12 = 0? 

A trinomial equation of the second degree may always be 
reduced to one of the four forms (Art. 100), by simply trans- 
posing the known term to the second member, and then 
solving the equation. Thus, fi'om the above equation, we 

have, 

a;2 _ 4a. ^ 12. 

Resoh-ing the equation^ we find the two roots to be +6 
and — 2 ; therefore, the factors are, jb — 6, and x + 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163) ; 
and the/ product of the two roots is equal to the known 
tenn in the second member, taken with a contraiy sign, or 
to the third term of the trinomial, taken with the same 
sign : hence it follows, that any trinomial may be factored 
by inspection, when two numbers can be discovered whose 
algebraic sum is equal to the coefficient of the second term^ 
and whose product is equal to the third term. 

EXAMPLES 

1. What are the factors of the trinomial, a;^ — 9a; — 36? 

It is seen, by inspection, that — 12 and + 3 \n\\ fulfil the 
conditions of roots. For, 12 — 3 = 9; that is, the co- 
efficient of the second term with a contrary sign ; and 
12 X — 3 = — 36, the third term of the trinomial ; hence, 
the factors are, a; — 12, and aj -f 3. 

2. What are the factors of a;^ — 7a5 — 30 = ? 

Arts. X — 10, and ab -f- 8 
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8. What are the factors of a^ + 153. + 36 = 0? 

Ans. X + 12, and x + 3. 

4. What are the factors of a;^ _ 12a; — 28 = ? 

Ans, X — 14, and x + 2, 

6. What are the factors ofaj^— Ya — S = 0? 

Ans. X — 8, and a; + 1. 



TRINOMIAL EQUATIONS OP THE FORM 
a;2n ^ 2/XC« = q, . 

In the above equation, the exponent of a;, in the first term, 
is double the exponent of aj in the second term. 

06 — 4a^ = 32, and a;* -f- 4a;2 = 117, 

are both equations of this form, and may be solved by the 
rules already given for the solution of equations of the 
second degree. 
In the equation, 

x^^ + 2px^ = q^ 

we see that the first member w ill become a perfect square, 
by adding to it the square of half the coefficient of a;" ; thus, 

a;2n _(. 2px^ -{- p^ =z q + p\ 

in which the first member is a perfect square. Then, ex- 
tracting the square root of both members, we have, 

. a;" 4- i> = ± V^ + P^ ; 
hence, a;*» = — ^ ± ^/q + p^y 

then, by taking the nth root of both members, 

and x" = V~jo — -/— ^ 4- >*• 
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EXAMPLES. 

1. What are the values of cc in the equation, 

««+ 6a^ = 112? 
Completing the square, 

afi+ ea^+ 9 = 112 + 9 = 121 ; 
then, extracting the square root of both members, 
a^ + 3 = ± -/m = ± 11 ; hence, 

x' = y— 3 + 11, and x'^ = y- 3 — 11 ; hence, 
a' = y^ = 2, and a;" = y— 14 = — -/li. 

2. What are the values of a; in the equation, 

aj* — 8a;2 = 9 ? 
Completing the square, we have, 

iB* — 8aj2 + 16 = 9 + 16 = 26. 

Extracting the square root of both members, 

a;2 — 4 = ± -v/25 = ± 5 ; hence, 

a;' = ± y4 + 5, and a;" = ± ^^4 — 6; hence, 

a;' = + 3 and — 3 ; and a/' = + -/— 1 and — -/— 1, 

8. What are the values of aj in the equation, 

a^ + 20ar'' = 69 ? 
Completing the square, 

x^ + 20a;3 + 100 = 69 + 100 = 169. 
Extracting the square root of both members, 

a^ + 10 = ± -v/l69 = ± 13 ; hence, 
a/ = y- 10 + 13, and a;" = y- lo - 13. 
a/ = ^, and a/' = y~ 23. 



TBINOMIAL EQUATIONS. 235 

4. What are the values of a in the equation, 

a;* — 2jb2 = 3 ? 

Ans, a^ = =fc -v/s, and a" = ± ^/--\. 

5. What are the values of a; in the equation, 

a« + 8^3 = 9 ? 

Ana, x' = 1, and x" = L^— 9. 

6. Given x + y^ + 4 = 12, to find a;. 
Transposing x to the second member, and then squaring, 

9a; + 4 = a;2 — 24a; + 144 ; 
.-. a;2 — 33a; = —140; 
and, a;' = 28, and a;" = 6. 

7. 4a; + 4'/a; + 2 = 7. ^n*. a;' = 4J, a;" = J. 

8. a; + ^/bx + 10 = 8. ^n^. a;' = 18, a;" = 3. 



KUMEEICAL VALUES OF THE ROOTS. 

166. We have seen (Art. 160), that by attributing all 

possible signs to 2p and q^ we have the four following 

forms: 

a;2 4- 2px =2'. .... (1.) 

a;2 — 2jt>a; = q (2.) 

Qi? + 2px = — q. . . . . (3.) 

a;^ — 2;?a; = — g'. . . . . ( 4.) 

166. To how many forms may every equation of the second degree bt 
rtduced ? What are they ? 
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I^irst Form, 

167. Since q is positive, we know, from Property 
Fourth, that the product of the roots must be negative ; 
hence, the roots have contrary signs. Since the coefficient 
2p is positive, we know, from Property Third, that the alge- 
braic sum of the roots is negative ; hence, the negative root 
is numerically the greater. 

Seco7id Form. 

168. Since q is positive, the product of the roots most 
be negative; lience, ths roots have contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, the positive root is numerically the greater. 

Third Form. 

169. Since q is negative, the product of the roots is 
positive (Property Fourth) ; hence, the roots have the same 
sign. Since 2jt> is positive, the sum of the roots must be 
negative ; hence, both are negative. 

Fourth Form. 

170. Since q is negative, the product of the roots is 
positive ; hence, the roots have the same sign. Since 2p is 
negative, the sum of the roots is positive ; hence, tJie roots 
are both positive. 

1 67. What sign has the product of the roots in the first form ? How 
are their signs? "Which root is numerically the greater? Why ? 

168. What sign has the product of the roots in the second form ? How 
are the signs of the roots? Which root is numerically the greater? 

169. What sign has the product of the roots in the third form ? How 
are their signs ? 

170. What sign has the product of the roots in the fourth form ? How 
are the si«;ns of the roots ? 
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First and Second Forms, 

111, If we make g' = 0, the first form becomes, 

x^ + 2px = 0, or x{x + 2p) = ; 

which shows that one root is equal to 0, and the other to — 2jt). 

Under the same supposition, the second form becomes, 

x^ — 2px = 0, or x[x — 2p) = ; 

which shows that one root is equal to 0, and the other to 
2p. Both of these results are as they should be ; since, when 
q^ the product of the roots, becomes 0, one of the factors 
must be ; and hence, one root must be 0. 

Third and Fourth Forms. 

lia. If, in the Third and Fourth Forms, q^p^ the 
quantity under the radical sign will become negative ; hence, 
its square root cannot be extracted (Art. 137). Under this 
supposition, the values of x are imaginary. How are these 
results to be interpreted ? 

If a given number be divided into two parts^ their pro- 
duct will be the greatest possible, when the parts are equal. 

Denote the number by 2p, and the difference of the parts 
by d; then. 





p + - z= the greater part, (Page 120.) 


and, 


^ — - = the less part. 


and. 


d^ 
2>^ — — = P, their product. 



171. If we maVe ^ = 0, to what does the first form reduce? What, 
then, are its roots ? Under the same supposition, to what does the second 
form reduce ? What arc, then, its roots ? 

172. If g >!>', in the third and fourth forms, what takes place? 

If a number be divided into two Darts, when will the product l)e the 
greatest possible ? 
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It is plain, that the product P will increase^ as d dimin- 
ishesy and that it will be the greatest possible when c? = ; 
for then there will be no negative quantity to be subtracted 
from p\ in the first member of the equation. But when 
rf = 0, the parts are equal ; hence, the product of the two 
parts is the greatest- wJien they are equal. 

In the equations, 

x^ + 2px = — g', aj2 — 2px zn ^ q^ 

2p is the sum of the roots, and — q their product ; and 
hence, by the principle just established, the product q^ 
can never be greater than jo^. This condition fixes a limit 
to the value of q. If, then, we make q^p^ we pass this 
limit, and express, by the equation, a condition which cannot 
be fulfilled; and this incompatibility of the* conditions is 
made apparent by the values of x becoming imaginary. 
Hence, we conclude that. 

When tJie values of the unknown quantity are imaginary^ 
the conditions of the proposition are incompatible with 
each other. 

EXAMPLES. 

1. Find two numbers, whose sum shall be 12 and pro 
duct 46. 

Let X and y be the numbers. 
By the 1st condition, x + y = 12 ; 
and by the 2d, xy = 46. 

The first equation gives, 

JB = 12 — y. 
Substituting this value for x in the second, we havei 

^ 12y ^ y^ =z 46 ; 

and changing the signs of the terms, we have, 

y^ ~ 12y = — 40 
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Then, by completing the square, 

y2 — I2y -f- 36 = —46 + 36 = — 10; 



which gives, y' = 6 + -v/— 10, 



and, y" = 6 — -/— TO ; 

"both of which values are imaginary, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20-; 
what are the numbers ? 

Denote the numbers by x and y. 

By the first condition, 

a; + y = 8; 
and by the second, xy = 20. 

The first equation gives, 

a; = 8 — y. 
Substituting this value of jb in the second, we have, 

^y -y'' = 20 ; 
changing the signs, and completing the square, we have, 

y2- 8y + 16 = - 4; 
and by extracting the root, 

y' = 4 4- y^'ITl^ and y" = 4 — ^/-^^. 
These values of y may be put under the forms (Art. 142), 
y = 4 + 2-/^, and y = 4 — 2-/— 1. 

3. What are the values of aj in the equation, 

a;2+ 2aj = - 10? 



yi 



(a;' =—14-3 -/- 1. 
( a" = — 1 - 3i/— 1. 
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PROBLEMS. 

1. Find a number such, that twdce its squai*e, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then, the equation 
of the problem is, 

2x" + 3a; = 65 ; 
whence, 

3 . /65 . 9 3 . 23 

Therefore, 

, 3 ^ 23 ^ , ,, 3 23 13 

a' = — - 4- -- = 5, and »"= — --= • 

4 4' 44 2 

Both these values satisfy the equation of the problem. 

For, 

2 X (5)2 +3x5 = 2x25 + 15 = 65; 

;i J l^V , « 13 169 39 130 

a^d, 2(--) + 3x-- =--- = - =65. 

Notes. — 1. If we restrict the enunciation of the problem 
to its arithmetical sense, in which " added " means numer' 
teal increase, the first value of x only will satisfy the con- 
ditions of the problem. 

2. If we give to "added," its algebraical signification 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that tmce its square diminished 
by three times the number, shall give 65. 

The second value of x will satisfy this enunciation ; for, 



/13V 13 



1G9 39 
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3. The root which results from giving the plus sign to the 
radical, is, generally, an answer to the question in its ai-ith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times the num- 
ber, shall give 65. Now, in the arithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In this sense, 
the second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had purchased 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of yards purchased. 

Then, will denote the price per yard. 

I^ for 240 cents, he had purchased three yards less, that 

is, aj — 3 yards, the price per yard, under this hypothesis, 

240 
would have been denoted by • But, by the condi- 

tions, this last cost must exceed the first by 4 cents. There- 
fore, we have the equation, 

240 240 
«_ — • 4 * 

a — 3 X * 

whence, by reducing, a;^ — 3jb = 180, 

, 3 , /9~~~ 3 ± 27 

and, aj = - ± y/- + 180 = — ^— ; 

therefore, aj' = 15, and a;" = — 12. 

Notes. — 1. The value, a;' = 15, satisfies the enunciation 
in its arithmetical sense. For, if 15 yards cost 240 cents, 
11 
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240 -7-15 = 16 cents, the price of 1 yard ; and 240 -f- 12 = 20 
cents, the price of 1 yard under the second supposition. 

2. The second value of a; is an answer to the following 
Problem : 

A certain person purchased a number of yards of cloth 
for 240 cents. If he had paid the same for three yards more^ 
it would have cost him 4 cents less per yard : how many 
yards did he buy ? 

This would give the equation of condition, 

240 240 

— - = 4 ; or, 

aj2 — 3a; = 180; 

the same equation as found before ; hence, 

A single equation will often state two or more arith- 
metical 'problems. 

This arises from the fact that the language of Algebra is 
more comprehensive than that of Arithmetic. 

3. A man having bought a horse, sold it for $24. At the 
sale he lost as much per cent, on the price of the horse, as 
the horse cost him dollars ; what did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse. Then, jc — 24 will denote the loss he sustained. But 

X 

as he lost x per cent, by the sale, he must have lost -— 
upon each dollar, and upon x dollars he lost a sum denoted 



aj2 



by ; we have, then, the equation, 

— - = » — 24 ; whence, jb^ _ loOaj = — 2400, 
100 ' ' 
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and, a; = 50 ± -/2500 — 2400 = 60 ± 10. 

Therefore, a' = 60, and x" = 40. 

Both of these roots will satisfy the problem. 

For, if the man gave $60 for the horse, and sold him for 
$24, he lost $36. From the enmiciation, he should have lost 
60 per cent, of $60 ; that is, 

60 ^ ^^ 60 X 60 

-— of 60 = — -— — = 86 ; 

100 100 

therefore, $60 satisfies the enunciation. 

Had he paid $40 for the horse, he would have lost by the 
sale, $16. From the enunciation, he should have lost 40 per 
cent, of $40; that is, 

40 . ,^ 40 X 40 

-— of 40 = — --— - = 16 ; 

100 100 

therefore, $40 satisfies the enunciation. 

4. The sum of two numbers is 11, and the sum of their 
squares is 61 : what are the numbers? Aiis, 6 and 6. 

6. The difference of two numbers is 3, and the sum of their 
squares is 89 : what are the numbers ? Ans. 5 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 25. a head on those he sold : 
how many did he buy ? Arts, 75. 

7. A merchant bought cloth, for which he paid £33 155., 
which he sold again at £2 85. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy? Ans, 15. 

8. The difference of two numbers is 9, and their sum, 
multiplied by the greater, is equal to 266: what are the 
numbers? Ans, 14 and 0. 



244 ELKMENTAKY ALGEBRA. 

9. To find a number, such that if you subtract it from 10, 
and multiply the remainder by the number itself the pro- 
duct will be 21. A71S. 7 or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
completing the same distance : how many miles did he travel 
per hour ? Ans. . 7 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased ? 

A718. 32. 

12. The difference of two numbers is 7, and their sum 
multiplied by the greater, is equal to 130 : what are the 
numbers? A7is. 10 and 3. 

13. Divide 100 into two such parts, that the sum of their 
squares shall be 5392. Ans, 64 and 36. 

14. Two square courts are paved with stones a foot square ; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement ? A71S, 26 feet. 

15. Two hundred and forty dollars are equally distributed 
among a certain number of persons. The same sum is again 
distributed amongst a number greater by 4. In the latter 
case each receives 10 dollars less than in the former: how 
many persons were there in each case. Ans. 8 and 12. 

16. Two partners, A and ^, gained 360 dollars. A^s 
money was in trade 12 months, and he received, for prin- 
cipal and profit, 520 dollars. I^^s money was 600 dollars, 
and was in trade 16 months : how much capital had A ? 

A?is, 400 dollars. 



MOBE THAN ONE UNKNOWN QUANTITY. 245 



EQUATIONS INVOLVING MORE THAN ONE UNKNOWN QUANTirY. 

173. Two simultaneous equations, each of the second 
degree, and containing two unknown quantities, will, when 
coinbined, generally give rise to an equation of the fourth 
degree. Hence, only particular cases of such equations can 
be solved by the methods already given. 

FIRST. 

Two • simvltaneous equations^ involving two unknown 
quantities^ can always he solved when one is of the first 
and the other of the second degree. 

EXAMPLES. 

1. Given "1 « . , "~ ,^^ f to find x and v« 

By transposing y in the first equation, we have, 

a; = 14 — y; 
and by squai-ing both members, 

a;2 = 196 — 28y + y^. 

Substituting this value for tx? in the second equation, we 

have, 

196 — 28y + y2 _|. y2 -_ joo ; 

from which we have, 

By completing the square, 

y2 — I4y + 49 = 1 ; 

173. When may two simultaneous equations of the second degree be 
Bolyed ? 
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and by extracting the square root, 

y-7=±VT=+l, and -1; 
hence, y' = 7 + 1 = 8, and y" = 7 — 1 = 6. 

If we take the greater value, we find a; = 6 ; and if we 
take the lesser, we find a? = 8. 



^'"* ( y' = 6, y" = 8. 



VERIFICATION. 

For the greater value, y = 8, the equation, 

X + y = 14, gives 6 + 8 = 14 ; 
and, 352 + y2 _ iqo, gives 36 + 64 = 100. 

For the value y = 6, the equation, 

X + y = 14, gives 8 + 6 = 14 ; 
and, x^ + y^ = 100, gives 64 + 36 = 100. 
Hence, both sets of values satisfy the given equation. 

2. Given -j „ o "" . ^ r to find x and y. 
( aj2 — y2 _-. 45 ) if. 

Transposing y in the first equation, we have, 

a; = 3 + y; 
then, squaring both members, 

a;2 = 9 + 6y + y2. 

Substituting this value for x\ in the second equation, we 

have, 

9 4- 6y + y2 - y2 = 45 ; 

whence, we have, 

6y = 36, and y z=z 6. 
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Substituting this value of y, in the first equation, we have, 

a; — 6 = 3, 
and, consequently, a' = 3 + 6 = 9. 

VERIFICATION. 

« -T y = 3, gives 9 — 6 = 3 ; 
and, aj2— y2 _. 45^ giy^g 81 — 36 = 45. 

Solve the following simultaneous equations : 

I a?- y2 _ 24 f ( y' = 5. 

j a; - y = 3 ) ex' = 9, x"= - 6. 

*• ( x'+ y^ = 117 \ ^"*- i y' = 6, y"= - 9. 

jaj + y = 9 1 . ta^ = 5, «"= 5. 

"• \x^-2xj/ + y^= l\ ^'^' t y' = 4, y"= 4. 

6 5«'-y = « ) 

( asH- 2a!y + y» = 225 f 

^'**- I y' = 5, y"= - 10. 

SECOND. 

IM. ^0 simidtaneous equations of the second degree^ 
which are homogeneous with respect to the unknown quanr 
tity^ can always he solved. 

EXAMPLES. 

1 Given ^«^'+3a.y = 22 (1.) 

1. i^iven ] ^2 + 3a^ + 2y2 = 40 (2.) 

to find X and y. 

174. When may two simultaneous equations of the second degree be 
solved ? 
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Assume x =l ty^ t being any auxiliary unknown quantity. 

Substituting this value of as in Equations ( 1 ) and ( 2 ), 
we have, 

22 
«V + 3^y2 ^22, .', y^= ^^^; (3.) 

40 
^y2 + 3^y2 + 2y2 = 40, .-. y^ = ^^__-__; (4.) 



hence. 



22 40 



^2 + 3^ "" «2 -I- 3^ -I- 2 ' 
hence, 22^2 ^ ge^ + 44 = 40^^ ^ 120^; 

22 



reducing, t^ -\- Zt = 



9 ' 



whence, <' = -, and <"= — • 

Substituting either of these values in Equations ( 3 ) or 

( 4 ), we find, 

y' = +3, and y" = — 3 

Substituting the plus value of y, in Equation (1), wo 

have, 

a;2 4- 9a. = 22 ; 

from which we find, 

aj' = 4- 2, and x" = — 11. 

If we take the negative value, y" = ■— 3, we have, 

from Equation ( 1 ), 

a;2 _ 9a; = 22 ; 

from which we find, 

aj' = + 11, and x" = ~ 2. 

VERIFICATION. 

For the values y' = +3, and a;' = +2, the given 

equation, 

x^ + 3a;y = 22, 
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gives, 22 +3X2X3 = 4 + 18 = 22; 

and for the second value, «;" = — H) the same equation, 

x^ + 3ajy = 22, 
gives, (— 11)2+ 3 X — 11 X 3 = 121 - 99 = 22. 

If, now, we take the second value of y, that is, y" = — 3, 
and the corresponding values of ar, viz., x' = +11, and 
«" = — 2; for a/ = +11, the given equation, 

aj2 + 3x1/ = 22, 
gives, 112 + 3 X 11 X — 3 = 121 — 99 = 22; 
and for x" = — 2, the same equation, 

a;2 + sxT/ = 22, 

gives, (— 2)2 + 3 X - 2 X — 3 = 4 + 18 = 22. 

The verifications could be made in the same way by em- 
ploying Equation ( 2 ). 

Note. — ^In equations similar to the above, we generally 
findJbut a single pair of values, corresponding to the values 
in this equation, of y' = + 3, and a' = +2. 

The complete solution would give four pairs of values. 
I y2 - aiy := - 9 [ I y = 9. 



5- \^ + y^ + zxy = VI \ "*"*• j y = 1. 
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rillBD. — PAEnCULAR CASES. 

t75» Many other equations of the second degree may be 
so transformed, as to be brought under the rules of solution 
already given. The seven following formulas will aid in 
such transformation. 

When the sum and difference are known: 

X + y = 8 
X — y = d. 

Then, page 132, Example 3, 

s -\- d 1,1, , 8 -d 1 1- 

« = -Y- = 2' + 2^' »^^ 2^ = -^ = 2'~2* 

(2.) 

When the sum and product are known: 

»+y=« (1.) 

x^ = p (2.) 

a^ + 2osf/ + y^z=z 5^, by squaring ( 1 ) ; 
4x7/ = 4/?, by mult. ( 2 ) by 4. 

a;2 — 2x1/ + y^ = *^ "" 4^5 t>y subtraction. 

X — 1/ = ± -v/52 _ 4p^ |jy ext. root. 

But, a; + y = «; 

^ o "I .< 

hence a5 = - ± - -/^^ _ 4^ . 

and, 2/ = 2 ^ 2 -y/^^ _ 4^^ 

175. What is the first formula of this article? What the second? 
Third? FoMrth? Fifth? girth? Seventh? 
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(3.) 

When the difference and product are known: 

05 - y = J (1.) 

xy =z p (2.) 

x^ — 2xy + y2 -_ ^^ \yj squaring ( 1 ) • 

^xy = 4/>, mult. ( 2 ) by 4. 

x^ + 2xy 4- y2 -- ^2 ^ 4^^ \yj adding. 

X + y ■=. ± -s/d^ + 4/> 
a; — y = c? 

05 = \d ±^ ^d^ + 4^. 

4.) 
When the sum of the squares and product are known : 
a;2 4-y2= 5 . . (1.) jcy=^..(2.) .-. 2icy = 2/» . . (3.) 
Adding ( 1 ) and ( 3 ), x^ -\- 2xy + y^ = s + 2p\ 

hence, a; + y = ± vT+ 2i> (4.) 

Subtracting (3) from (1 ), x^ — 2a;y + y^ = 5—2^; 

hence, aj — y = ± -y/s — 2p (5.) 

Combining (4) and (5), a? = iV* + 2p + iV*"--^ 

and, y = ^^5"+^ _ ^-/« — 2p. 

When the sum and sum of the squares are known: 

X + y = s (1.) 

aj2 + y2 = 5' (2.) 

x^ -T 2xy -\- y^ = s^ by squaring ( 1 ) 
2a;y = s'^ — s' 

sty = — -— = p. . (8.) 
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By putting xy = p^ and combining Equations ( 1 ) and 
( 3 ), by Formula ( a ), we find the values of x and y. 

(6.) 
When the sum and sum of the cubes are known : 

X + y = S .... (1.) 

a^+ y3 = 152 . . . . (2.) 

aj3 + Sgei^y + Sxy^ + y^ = 612 by cubing ( 1 ). 

3aj2y 4- Sxy^ = 360 by subtraction. 

Sxy{x + y) = 360 by factoring. . 

3ajy(8) = 360 from Equa. ( 1 ). 
24xy = 360 

hence, ajy = 15 .... (3.) 

Combining (1 ) and ( 3 ), we find aj = 5 and y = 3. 

When we have an equation of the form, 

{x + yY + {x + y) = q. 
Let us assume x + y =z z. 
Then the given equation becomes, 

z^+ z — qi and z = — -± yq + j- 



x + y =. ^l±^q + l 



EXAMPLES. 

xz— y'^ (1) 
I. Given \x + y + z = 7 (2.)}- to find jb, y, and z, 

'2 4- 22 = 21 (3) 
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Transposing y in Equation ( 2 ), we have, 

a + 2 = V — y; . . . (4.) 

then, squaring the members, we have, 

If now we substitute for 2a», its value taken from Equa- 
tion ( 1 ), we have, 

a.2 + 2y2 -f .^2 = 49 — i4y 4. y1 ; 

and cancelling %p-^ in each member, there results, 

a;2 + 2/^ + 2:2 = 49 _ 14 y^ 

But, from Equation ( 3 ), we see that each member of the 
last equation is equal to 21 ; hence, 

49 — 14y = 21, 
and, 14y = 49 — 21 = 28 , 

hence, y = — = 2. 

Substituting this value of y in Equation ( 1 ), gives, 

as = 4 ; 

and substitutmg it in Equation ( 4 ), gives, 

aj 4- 2 = 6, or aj = 6 — 2. 

Substituting this value of a, in the previous equation, we 
obtain 

' 52 — 2^ -_- 4^ QP ^2 __ 5g -_ __ 4 . 

and by completing the square, we have, 

22 - 52 + 6.25 = 2.5. 
and, 2 — 2.5 = ±,^/^ = -f- 1.5, or — 1.6; 
hence, 2 = 2.5 + 1.5 = 4, and 2 = H- 2.5 — 1.5 = 1 
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2. Given «. + V^ + y = ^H to find a; and y. 
and aj2 + xy + y^ = 133 ) ^ 

Dividing the second equation by the first, we have, 

X — V^ + y = ^ 
but, X + v^ + y = 19 

hence, by addition, 2a5 + 2y = 26 

or, 05 + y = 13 

and substituting in 1st Equa., y^ + 13 = 19 

or, by transposing, ^^xy = 6 

and by squaring, xy = 36. 

Equation 2d, is o^ + xy + y^ = 133 

and from the last, we have, 3ay = 108 

Subtracting, x^ — 2xy + y^ = 25 

hence, a; — y = db 6 

but, 05 4- y = 13 

hence, as = 9 and 4; and y = 4 and 9. 



PROBLEMS. 

1. Find two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let X and y denote the numbers ; then, 

x-\- y — 15, (1.) and oj^ -f y2 = 113. (2.) 

From Equation ( 1 ), we have, 

x^ = 225 — 30y + y2 

Substituting this value in Equation ( 2 ), 

225 — 80y + y' + y* = 113; 



PB0BLEM8. 255 

hwice, 2y2 — 30y = — 112 ; 

y2 - 15y = - 56, 

hence, y' = 8, and y" = 7. 

The first value of y being substituted in Equation ( 1 ), 
gives aj' = 7 ; and the second, x" = 8. Hence, the num- 
bers are 7 and 8. 

2. To find two numbers, such that then* product added to 
their sum shall be 17, and their sum taken from the sum of 
their squares shall leave 22. 

Let X and y denote the numbers; then, from the con- 
ditions, 

. (a; + y) +ajy = 17. ... (1.) 

a^ + y^- (a; + y) = 22. . . . (2.) 

Multiplying Equation ( 1 ) by 2, we have, 

2xy + 2(a5 + y) = 34. ... (3.) 
Adding ( 2 ) and ( 3 ), we have, 

352 + 2ajy + y2 + (a; + y) -- 55 . 

hence, {x + y)^ + (a? + y) = 56. . . (4.) 

Regarding (a; + y) as a single unknown quantity (page 
248), 



X 



+ y = -^±vW] = Y. 



Substituting this value in Equation ( 1 ), we have, 

*7 + xy = 17, and y = 6. 
Hence, the numbers are 2 and 5. 

3. What two numbers are those whose sum is 8, and sum 
of their squares 34 ? An;8. 6 and S. 
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4. It is rcquirocl to find two such numbera, that the first 
shall bo to tlio sfcoiul as tlie second is to 16, and the sum of 
-Nvhoso squares shall bo 225 ? A?is, 9 and 12. 

• 

5. What two numbers are those which are to each other 
as 3 to 5, and whose squares added together make 166G ? 

Ans. 21 and 35. 

C. There are two numbers whose difference is 7, and half 
their product plus 30 is equal to the square of the less 
number: what are the numbers? Ans, 12 and 19. 

7. What two numbers are those whose sum is 5, and the 
sum of their cubes 35 ? Ans. 2 and 3. 

8. What two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132? Ans. 1.4 and 8. 

9. Divide the number 100 mto two such parts, that the 
product may be to the sum of their squares as 6 to 13. 

Ans. 40 and 60. 

10. Two persons, A and j&, departed from different places 

at the same time, and traveled towards each other. On 

meeting, it appeared that A had traveled 18 miles more 

than JB ; and that A could have gone JB^s journey in 1 5f 

days, but JB would have been 28 days in performing A^s 

journey : how far did each travel ? . i A. 12 miles. 

Ans. i -r^ ^. ., 

54 miles. 



■■\i: 



11. There are two munbers whose difference is 16, and 
half their product is equal to the cube of the lesser number : 
what are those numbers ? A)is. 3 and 18. 

12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi- 
plied by the less, is equal to 12 ? 

Ans. 4 and 7, or JV^ and y v^ 
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13. Divide 100 into two such parts, that the sum of their 
square roots may be 14. Ana, 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their dif- 
ference. Arts, 10 and 14. 

15. The sum of two numbers is 8, and the sum of their 

cubes is 152 ; what are the numbers ? Ana, 3 and 5. 

> 

. i ,>.J6. Two merchants each sold the same kind of stuff; the 

^ second sold 3 yards more of it than the first, and together 

•^ they receive 35 dollars. The first said to the second, " I 

-^. would have received 24 dollars for your stuff ;" the other 

'aI . ?.'?B^^^> "And I should have received 12^ dollars for yours :" 

how many yards did each of them sell ? 

t.c' ,,' A J 1st merchant x' = 15, as" = 5. 

- J. *- Ans, i ^, .. , ^ ' or, ., 

'■ .V lYr^A widow possessed 13,000 dollars, which she divided 

•i into two parts, and placed them at interest in such a manner 

/-; ■5'ihat the incomes from them were equal. If she had put out 

, the first portion at the same rate as the second, she would 

^ have drawn for this part 360 dollars interest ; and if she 

, J. had placed the second out at the same rate as the first, she 

would have drawn for it 490 dollars interest : what were 

tf ,-jthe two rates of interest? Ans, 7 and 6 per cent. 

^18. Find three numbers, such that the difference between 

the third and second shall exceed the difference between the 

second and first by 6 ; that the sum of the numbers shall be 

33, and the sum of their squares 467. 

Ans, 6, 9, and 19. 

19. What number is that^ which, being divided by the 
product of its two digits, the quotient will be 3 ; and if 18 
be added to it, the resulting number will be expressed by 
the dijgits inverted ? Ans. 24. 

^>-. /^-^ / ^Y ^ -. 'f / '"r- r.. U • ■/ ■■/ 



V| 



' r' T' ^ 



r T ^,..- ( 
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20. What two numbers are those which are to each other 
as m to 7iy and the sum of whose squares is b? 

. my^ n\/b 

A91S, =, — =« 

21. What two numbers are those which are to each other 
as m to n, and the difference of whose squares lab? 



Ans. 



yn^ — T^ ^m^ — 



n' 



22. Required to find three numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
the first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ans. 1, 2, and 4. 

23. It is required to find three numbers, whose sum shall 
be 38, the simi of their squares 634, and the difference 
between the second and first greater by 7 than the difference 
between the third and second. Ans. 3, 16, and 20. 

24. Required to find three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to h ; and the sum of the squares 
of the second and third equal to c. 



Ans. -« 



X 



y 






+ ^2 



+ ^^ 



25. What two numbers are those, whose sum, multiplied 
by the greater, gives 144; and whose difference, multiplied 
by the less, gives 14 ? Ans. 9 and 7. 



PB0P0KTI0N8 AND PROGRESSIONS. 269 



CHAPTER IX. 

OP PROPORTIONS AND PROGRESSIONS. 

176. Two quantities of the same kind may be compared, 
the one with the other, in two ways : 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many times one is greater or less 
than the other, which is shown by then- quotient. 

Thus, in comparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3, four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arithr 
m£tical Proportion^ and the second, Geometrical Propor- 
tion. 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference^ and Geometrical 
Proportion the relation of quantities with respect to their 
quotient, 

1*76. In how many ways may two quantities be compared the one with 
the other? What does the first method consider? What the second? 
What is the first of these methods called? What is the second called? 
How then do you define the two proportions ? 
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OP ARmiMETICAL PROPORTION AND PROGRESSION. 

177. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to 
the difference between tlie third and fourth, these numbers 
are said to be in arithmetical proportion. The first term 2 
is called an antecedent^ and the second term 4, with which 
it is compared, a consequent. The number 8 is also tailed 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

When the difference between the first and second is equal 
to • the difference between the third and fourth, the four 
numbers are said to be in proportion. Thus, the numbers, 

2, 4, 8, 10, , 

are in arithmetical proportion. 

178. When the difference between the first antecedent 
and consequent is the same as between any two consecutive 
teims of the proportion, the proportion is called an arithr 
metical progressioyi. Hence, a progression by differences^ 
or an arithmetical progression^ is a series in which the suc- 
cessive teims are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 13, 16, 19, 22, 25, ... 
60, 66, 62, 48, 44, 40, 36, 32, 28, . . . 

177. When are four numbers in arithmetical proportion? What is the 
first called? What is the second called? What is the third called? 
What is the fourth called ? 

178. What is an arithmetical progression ? What is the number called 
by which the terms are increased or diminished ? What is an increasing 
progression? What is a decreasing progression? Which term is only 
an antecedent ? Which only a consequent? 
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the first is called an increasing progression^ of which the 
common difference is 3, and the second, a decreasing pro- 
gression^ of which the common difference is 4. 

In general, let a, Z>, c, c?, e, /*, ... denote the terms of 
a progression by differences ; it has been agreed to write 
them thus : 

a,h,c,d,e,f.g, h,i,k,,. 

This series is read, a is to &, as b is to c, as c is to d^ as d 
is to e, &c. This is a series of continued equi-differences^ in 
which each term is at the same time an antecedent and a 
consequent, with the exception of the first term, which is 
only an antecedent^ and the last, which is only a consequent, 

179. Let d denote the common difference of the pro- 
gresion, 

a , h , c , e . f . g , h, &c., 

which we ^vill consider increasing. 

From the definition, of the progression, it evidently fol 
lows that, 

and, in general, any term of the series is equal to the first 
temiy plus as many timBs the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it ; the expression for this general term is, 

I =z a -\- {n — \)d. 

Hence, for finding the last term, we have the following 

1*79. Give the rule for finding the last term of a series when the pro- 
gression is increasing. 
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RULE. 

L Multiply the common difference hy the number of 
terms less o?ie: 

n. To the product add the first term ; the sum wiU be 
the last term. 

EXAMPLES. 

The formula, 

/ = a + (n — l)d^ 

serves to find any term whatever, without determining all 
those which precede it. 

1. If we make n = 1, we have, I = a; that is, the 
series wiU have but one term. 

2. If we make w = 2, we have, I z= a + c?; that is, 
the series will have two terms, and the second term is equal 
to the first, plus the common difference. 

3. If a = 3, and c? = 2, what is the 3d term? 

Ans, 1. 

4. If a = 5, and c? = 4, what is the 6th term? 

Ans. 25. 

5. If a = 7, and d = 5, what is the 9th term? 

Afis. 47. 

6. If a = 8, and <? = 5, what is the 10th term? 

Ans. 53. 

7. If a = 20, and <? = 4, what is the 12th term? 

Ans. 64. 

8. If a = 40, and d = 20, what is the 50th term? 

Ans. 1020. 

Q If a = 45, and d = 30, what is the 40th term? 

Ans. 1215. 
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10. If a = 30, and d = 20, what is the 60th term? 

Ans, 1210. 

11. If a = 60, and d = 10, what is the 100th term? 

Ans. 1040. 

12. To find the 60th term of the progression, 

1 . 4 . % . 10 . 13 . 16 . 19 . . . 
we have, I =z 1 + 49x3 = 148. 

13. To find the 60th term of the progression, 
1 . 6 . 9 . 13 . 17 . 21 . 25 . . . 
we have, ^=1 + 59x4 = 237. 

ISO. If the progression were a decreasing one, we 

ghould have, 

I 2= a — {n — l)d. 

Hence, to find the last term of a decreasing progression, we 
have the following 

RULE. 

I. Multiply the common difference by the number of terms 
less one : 

n. Subtract the product from the first term ; the re- 
mainder will be the last term, 

EXAMPLES. 

1. The first term of a decreasing progression is 60, the 
number of terms 20, and the common difference 3 : what is 
the last term ? 

l = a—{n--l)d, gives Z= 60 — (20— 1)3 = 60 — 57 = 3. 

180. Give the rule for findkig the last term of a series, when the pro- 
gression is decreasing. 



264 KLKMENTARY ALGEBRA. 

2. The first term is 90, the common difibrence 4, and the 
number of terms 15 : what is the last term ? Ans, 34. 

3. The first term is 100, the number of terms 40, and the 
common difference 2 : wliat is the last term ? Ans. 22. 

4. The first term is 80, the number of temis 1 0, and the 
conmion difference 4 : what is the last term ? Ans. 44. 

5. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105, 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term ? 

Ans. 402. 

ISl. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms^ taken at 
equal distances from the two extremes^ is equal to the sum 
of the two extremes. 

That is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4 + 10, or + 8, 
is equal to the sum of the two extremes, 2 and 12. 

Let a.h.c.e.f... i . k . ly be the proposed 
progression, and n the number of terms. 

We' will first observe that, if x denotes a term w^hich has 
^; terms before it, and y a term which has p terms after it, 
we have, from what has been said. 



ISl. lu every pioirreFsion by differenees, what is the sum of the two 
extremes eqnal to? What is the rule for finding the sum of an arith 
metieal series? 
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X =z a + p X d^ 

and, y = ^ —p X d; 

whence, by addition, x + f/ = a + Z^ 

which proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second term 4, then y will de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third teim from the last. 

Having proved the first part of the proposition, write the 
terms of the progression, as below, and then again, in an 
inverse order, viz. : 

a,b,c»d.e.f,.,i.k,l. 

Calling S the sum of the terms of the first progression, 
2/S will be the sum of the terms of both progressions, and 
we shall have, 

2S={a+r)-{-{b+k)-h{c+i) . . . +{i-hc)+{k-hb)+{l+a). 

Now, since all the parts, a + l, b + k, c + i.,, are 
equal to each other, and their number equal to n, 

2aS' = (a + Z) X n, or S =: ( ^ j x n. 

Hence, for finding the sum of an arithmetical series, we 
have the following 

RULE. 

I. Add the two extremes together j and take half their stan : 

n. Midtiply this half-sum by the number of terms ; the 
product xoiU be the sum, of the series, 
12 
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• EXAMPLES. 

1. Tlie extremes are 2 and 16, and the number of terms 
8 : what is the sum of the series ? 



>S^ 



/« + A • cr 2 + 16 



2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Ans. 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series? Ans, 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 ; what is the sum of the series? Ans. 12000. 

6. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? A^is, 5600. 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series ? Ans. 60000. 

182. In arithmetical proportion there are ^ve members 
to be considered : 

1st. The first term, a. 

2d. The common difference, d. 

3d. The number of terms, n. 

4th. The last term, I. 

5th. The sum, S. 

The foimulas, 

I =z a -\- {n — l)d, and S = |— — J x w, 

contain five quantities, a, d, n, /, and aS^, and consequently 
give rise to the following general problem, viz. : Anj/ three 

''''' " '' ■ . .1 - .1 ■ ■ ■■ I M I ■ , ■ 1.^ ■■■■■■ 1.^11 ■ W^ 

182. How many numbers are considered in arithmetical proportiojif 
What are they ? In every arithmetical progression, what is the commeif 
diflFerence equal to ? 
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of these jive quantities being giveyi^ to determine the other 
tico. 

Wo already know the value of S in terms of a, n, and h 
From the formula, 

I = a -t (n — \)d^ 
we find, a = I — {n — \)d. 

That is : The first term of an increasing arithmetical pro- 
gression is equal to the last term^ mimes the product of the 
common difference by the number of terms less one. 

From the same formula, we also find, 

I r- a 



d = 



n — 1 



That is : J7i any arithmetical progression^ the common dif- 
ference is equal to the last term^ minus the first term^ divided 
by t/ie number of terms less one. 

The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? 

The formula, d = 

n — 1 

^ 16-4 ^ 
gives, d = — - — = 3. 

2. The last term is 22, the first term 4, and the number 
of terms 1 : what is the common difference ? Ans, 2. 

183. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithynetical means between two 
given numbers a and b. 



183. How do you find any number of arithmetical means between two 
given numbers ? 
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To resolve this question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, b as the last tenn, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by tti + -. 

Now, by substituting in the above formula, h for Z, and 
m -f- 2 for n, it becomes, 

, h — a h — a 
a = = ; 

771 + 2 — 1 m+1 

that is : The common difference of the required progression 
is obtained by dividing the difference betwee7i the given 
numbers^ a and b, by the required number of means plus one. 

Having obtained the common difference, <?, form the second 
term of the progression, or the first arithmetical mean^ by 
adding d to the first term a. The second tnean is obtained 
by augmenting the first mean by d^ &c. 

1. Find three arithmetical means between the extremes 

2 and 18. 

5 — a 



The formula, d 



m + 1' 



^ 18-2 
gives, . d = — - — = 4; 

hence, the progression is, 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 77. 

The formula, d = , 

7 "^Y - 12 
gives, d = — ^- — = 5 ; 

hence, the progression is, 

12 . 17 . 22 . 27 .... 77. 
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184. Remark. — ^If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means miited, will 
form one and the same progression. 

For, let a ,*b , c . e ,f . . . be the proposed progression, 
and m the number of means to be inserted between a and 
6, b and c, c and e . . . , <&c. 

From what has just been said, the common difference of 
each partial progression will be expressed by 



5 — a 


c - h 


e — c 


m + 1' 


m 4- 1 



expressions which are equal to each other, since a, &, o . . • 
are in progression ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the fii'st forms the first term of the second, &c., we 
may conclude, that all of these partial progressions form a 
single progression. 

EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 50th term, we have, 

^=2 + 49x7 = 345. 

50 
Hence, /S = (2 + 345) x — = 347 X 26 = 8675. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . . 

Arts, 695. 

■ 

3. Find the sum of 100 terms of the series 1.3.5.7. 
9 . . . . A'lis. 10000. 



270 ELEMENTARY ALGEBRA. 

4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : what is the least term and the 
sum of the series ? 

A718. Least term, 10 ; sum of series, 840. 

6. The first term is 4, the common difference 8, and the 
number of terms 8 : what is the last term, and the sum of 
tlie series ? Ans, j Last term, 60. 

t Sum = 256. 

6. The first term is 2, the last term 20, and the number 
of terms 10: what is the common difference? A7is. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ? Ans. 4 . 7 . 10 . 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
tenns 21 : required the sum of the series. Ans. 140. 

9. In a progression by differences, Iiaving given th,e com- 
mon difference C, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

A?is. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2. 5. 8. 11. 14... 

Ans. Common diff., or d =z 0.3. 

11. Find the number of men contained in a triangular 

battalion, the first rank containing one man, the second 2, 

the third 3, and so on to the n'^^ which contains n. In other 

words, find the ex])ression for the sum of the natural mun- 

bers 1, 2, 3 . . ., from 1 to n inclusively. 

. ^ n(n -f 1) 

2 

12. Find the sum of the n first terms of the progression 
of uneven numbers, 1.3.5.7.9,... Ans. ^ = n\ 
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13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how fur will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 



GEOMETRICAL FROPORTION A^B PROG RESSIOl^. 

185. Hatio is the quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thus, if the numbers 3 and 6 have the same 
unit, the ratio of 3 to C will be expressed by 

And m general, if ^ and B represent quantities of the same 
kind, the ratio of ^ to -S will be expressed by 

B 

A' 

186. The character ex indicates that one quantity is 
proportional to another. Thus, 

A oz B, 

is read, A proportional to B, 

If there be four numbers, 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

185. What is ratio ? What ia the ratio of 3 to 6 ? Of 4 to 12 ? 

186. What is proportion? How do you express that four uumbers 
are in proportion ? Wliat are the numbers called ? What are tho first 
And fourth terms called ? What the second and third ? 
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said to form a proportion. And in general, if there be four 
quantities, Ay J3y C, and 2>, having such values that,^ 

A ~" C 

then, A is said to have the same ratio to JS that C has to D; 
or, the ratio of ^ to J5 is equal to the ratio of C to D, 
When four quantities have this relation to each other, com- 
pared together two and two, they are said to form a geo- 
metrical proportion. 

To express that the ratio of ^ to J5 is equal to the ratio 
of C to Dy we write the quantities thus, 

A : J3 :: C \ D\ 

and read, ^ is to j5 as C to D. 

The quantities w^hich are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremeSy and the second and third 
terms, the two means. Thus, A and D are the extremes, 
and i? and C the means. 

187. Of four teniis of a proportion, the first and third 
are called the antecedentSy and the second and fourth the 
consequents / and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and J5 and Z> the con- 
sequents. 



Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 

187. In four proportional quantities, what are the first and third called ? 
What the second and fourth ? 

188. When are three quantities proportional? What is the middle one 
called? 
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third ; and then the middle term is said to be a mean pro- 
portional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

189. Four quantities are said to be in proportion by irir 
version^ or inversely^ when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 
the inverse proportion would be, 

6 : 3 : : 16 : 8. 

# 

190* Quantities are said to be in proportion by altemO' 
tion^ or alternately^ when antecedent is compared with ante- 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 

the alternate proportion would be, 

3 : 8 : : 6 : 16. 

191 • Quantities are said to be in proportion by comp<h 
sitiofiy when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thus, if we have the proportion, 

2 : 4 : : 8 : 16, 

- 

189. When are quantities said to be in proportion by inversion, or in 
versely ? 

190. When are quantities in proportion by alternation? 

191. Wh'en are qTlantitiee in-propdrtion by comiyiGfgitro'a? 

. 12* 
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the proportion by composition would be, 

2 + 4 : 2 : : 8 + 16 : 8; 
and, 2 + 4 : 4 : : 8 + 16 : 16. 

192. Quantities are said to be in proportion by division^ 
when the difference of the antecedent and consequent is 
compared cither with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 36, 
the proportion by division "will be, 

9 — 3 : 3 : : 36 — 12 : 12; 

and, 9 — 3 : 9 : : 36 — 12 : 36; 

' 193. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 6, and mul- 
tiply them both by any number, as 9, the equi-multiples will 
be 54 and 45 ; for, 

6 X 9 = 54, and 5 X 9 = 45. 

Also, m X -4, and m X j5, are equi-multiples of A and 
j5, the common multiplier being m. 

m 

194. Two quantities A and J?, which may change their 
values, are reciprocally or inversely proportional^ when one 
is proportional to unity divided by the other ^ and then their 
product remains consta7it, 

192. "When are quantities in proportion by division ? 

193. What are equi-multiples of two or more quantities? 

194. When are two quantities said to be reciprocally proportional? 
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We express this reciprocal or inverse relation thus, 

> 

. 1 

in Ti liich A is said to be inversely proportional to -B. 

195. If we have^ the proportion, 

A , B :: G \ D, 

B D ,^ 
we have, -^ = --^> (Ai-t. 186); 

and by clearing the equation of fractions, we have, : 

BO = AD. 

That is: Of four proportional quantities, the product of 
the ttco extremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numljcrs, 

2 : 10 : : 12 : 60, 
which gives, 2 X 60 = 10 X 12 = 120. 

196. If four quantities. A, i?, (7, 2>, are so related to 
each other, that 

Ax I) = B X Cy 

we shall also have, -r = -?y ; 

A G 

and hence, A \ B : : G \ D. 

That is : If the product of two quantities is equal to the 
product of two other quantities^ two of them may he made 
the extremes, and the other two the means of a proportion. 

195. If four quantities are proportional, what is the product of the two 
means equal to ? 

196. If the product of two quantities is equal to the product of two 
other quantities, may the four be placed in a proportion ? How ? 
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Thus, if we have, 

2x8 = 4x4, 
we also have, 

2 : 4 : : 4 : 8. 

197. If we have three proportional quantities, 

A \ B w B \ (7, 

, B C 

we have, 3 ~ 5 ' 

hence, B^ z=i AC, 

That is: If three quantities are proportional^ the square of 
the middle term is equcd to the prodxtct of the two extremes. 

Thus, if we have the proportion, 

3 : 6 : : 6 : 12, 
we shall also have, 

6 X 6 = 62 = 3 X 12 = 36. 

198. If we have, 

B T) 

A \ B \\ C \ D^ and consequently, -j = -^ , 

G 
multiply both members of the last equation by -^, and 

we then obtain, 

G __D 

A'^ B' 

and, hence, A \ G \\ B \ D, 

That is : If four quantities are proportional^ they will he 
in proportion by alternation. 

197. If three quantities are proportional, what is the product of the 
extremes equal to ? 

198. If four quantities are proportional, will they be in proportion by 
alternation ? 
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Let US take, as an example, 

10 : 15 : : 20 : 30. 
We shjall have, by alternating the terms, 

10 : 20 : : 16 : 30. 

199. If we have, 

A \ B \\ C \ D, and A \ B \\ E \ F^ 

we shall also have, 

B JD B _ F 

-J _ -^, and -J - -^; 

hence, 79 = -^ > ^^^ O : D : : F : F. 

That is : J^ there are two sets of proportio)is having an aiir 
tecedent and consequent in the one^ equal to an antecedent 
and consequent of the other^ the remaining terms wiU be 
proportional. 

If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 30. 

200* If we have, 

B 7) 

A : B : : (7 : -D, and consequently, -j = --^, 

we have, by dividing 1 by each member of the equation, 

A G 

-^ = ^ , and consequently, B : A : : JD : C. 

199. If you have two sets of proportions having an antecedent and con- 
sequent in each, equal ; what will follow ? 

200. If four quantitiee are in proportion, will they be in proporHoa 
wh^n tiiketi inVi^rrfely ? 
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That is : Four proportional quantities will be in proportion^ 
when taken inversely. 

To give an example in numbers, take the proportioli, 

7 : 14 :: 8 : 16; 
then, the inverse proportion will be, 

14 : 7 : : 16 : 8, 
in which the ratio is one-half. 

201, The proportion, 

A : B :: G \ B, gives, A x D r=z B x O. 

To each member of the last equation add B X B, We 
shall then have, 

{A + B) X 2> = {G + B) X B; 

and by separating the factors, we obtain, 

A + B : B :: G + B : B. 

If, instead of adding, we subtract B X B from both 
members, we have, 

{A^ B) X B = {G-- B) X B; 

which gives, 

A - B : B :: G - B : B. 

That is : ^ four quantities are proportional, they will be 
in proportion by composition or division. 

Thus, if we have the proportion, 

9 : 27 : : IC : 48, 

■ «»■■■ MM Ml I. I -— ■' --■— ■■■ I ■ M^iMl-. n ■■■■■II ■ ^M^^^ ■ ■»■ ^m-^m^m^^^^^^^^^,^^ 

201. If four quantities are in proportion, will they be in proportion by 
composition? Will they be in proportion by division? What is the 
difiereuoe between composition and division ? ' * 
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we shall have, by composition, 

9 + 27 : 27 : : 16 + 48 : 48; 
that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fonrths. 

The same proportion gives us, by division, 
27 - 9 : 27 :: 48 — 16 : 48; 
that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-half. 

202. If we have, 

B _ B 

A ~ C'\ 

and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

— -. = -= , and mA : mJS : : G \ D, 
mA ' 

That is : Equal multiples of two quantities have the same 
ratio as the quantities themselves. 

For example, if we have the projDortion, 

5 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 

have, 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

203, The proportions, 

A : B :i C : D, and A : B : : E : F, 

. 202. Have equal multiples of two quantities the same ratio as the 
quantities? 

203 Suppose the antecedent and consequent be augmented or dimm* 
ished by quantities having the Same tatio ? 
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V 



give, AxD = BxC, and ^ x i^= ^ X -&; 

adding and subtracting these equations, we obtain, 

A{DdtF) = B{G^E\ or A : B i\ C ±E : D±F. 

That \&i If C and 2>, the antecedent and consegnent^ he 
augmefited or diminished by quantities JE and F\ which 
have the same ratio as C to J9, the residting quantities wiU 
also have the same ratio. 

Let us take, as an example, the proportion, 

9 : 18 ; : 20 : 40, 

in which the ratio is 2. 

If we augment the antecedent and consequent by the 

numbers 16 and 30, which have the same ratio, we shall 

have, 

9 -f 15 : 18 + 30 : : 20 : 40 ; 

that is, 24 : 48 : : 20 : 40, 

in which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 :: 20 - 15 : 40 - 30; 

that is, 9 : 18 : : 5 : 10, 

in which the ratio is till 2. 

804. If we have several proportions, 

A : J3 : : C : B, which gives A x B = B x C, 
A : B :: £J : JF\ which gives A X F = B x jEJ^ 
A : B :: G \ H^ which gives A x H z=z B X O^ 

m 

204. In any number of proportions having the same ratio, how wQl 
any one antecedent be to itsi consequent ? 



N 
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we shall have, by addition, 

AiD + ^+H-) = jB{G + JS+ O); 
and by separating the factors, 

A : J3 :: C + IiJ+ G : D +!"+ IT. 

That is: In any number of proportions having the same 
ratio^ any antecedent will be to its consequent as the sum 
of the antecedents to the sum of the consequents* 

Let us take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 3 : 6, &o. 
Then 2 : 4 : : 6 + 3 : 12 + 6 ; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

905. If we have four proportional quantities, 

A : B :\ G : J), we have, -j = --^ ; 

A C 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is n, we have, 

-j^ = -^ , and consequently, 

That is: J^ four qua?itities are proportional, their Hie 
powers or roots will be proportional. 

If we have, for example, 

2:4 : : 3 : 6, 

we shall have, 2^ : 4^ : : 3^ : 6^. ; 

205. In four proportional quantities, how are like powers or roots ? 
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that is, 4 : 16 : : 9 : 36, 

in which the terms are proportional, the ratio being 4. 

«M6. Let there be two sets of proportions, 

B D 
A \ B w G \ Dy whidi gives T = "^^ 

F H 

E \ F w G \ H^ which gives -=, = ^ • 

Multiply them together, member by member, we have, 

B X F _ B X H 
A X F '-' C X G' 

A X E\ B X F\\ C X G \ B X H. 

That is : In two sets of proportional quantities^ the products 
of the cotTesponding terms are proportional. 

Thus, if we have the two proportions, 

8 : 16 : : 10 : 20, 

and, 3 : 4 : : 6 : 8, 

we shall have, 24 : 64 : : 60 : 160. 



GEOMETRICAL PROGRESSION. 

207. We have thus far only considered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

I 

20G. In two sets of proportions, how are tl>c products of the correspond- 
ing terms ? ... 

2<>7. What is a geometrical progression? What is the ratio of the 
progression ? If any term of a progression be multiplied by the ratio, 
what will the product be ? If any term be divided by the ratio, what 
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If we have the farther condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geometrical Progression^ or progression hy quotients^ 
is a series of terms, each of which is equal to the preceding 
term multiplied by a constant number^ which number is 
called the ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, &c., 

is a geometrical progression, in which the ratio is 3. It is 
written by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression in which the ratio is one-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let <?, J, Cyd^e^f . . . be numbers, in a progression by 
quotients ; they are written thus : 

a \ h \ c \ d \ e \ f \ g , • . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distinc- 

will the quotient be ? How is a progression by quotients written ? Which 
of the terms is only an antecedent ? Which only a consequent ? How 
may each of the others be considered ? 
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tion, that one is a series formed by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time an 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 

208. Let r denote the ratio of the progression, 

a : b : c : d . . , 

r being > 1 when the progression is increasing^ and r< 1 
when it is decreasing. Then, since, 

h c d " e o 

- = r, T = r, - = r, :> = r, &c., 
a c d 

we have, 

ft = ar, c = ftr = ar^, d =^ cr =: ai^^ e ^ dr =z ar^^ 

f z=: er =z ar^ . . , 

that is, the second term is equal to ar, the third to ar% the 
fourth to ar^, the fifth to ar*, &c. ; and in general, the nth 
term, that is, one which has n — 1 terms before it, is ex- 
pressed by ar"~~^ 

Let I be this term • we then have the formula, 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

BULE. 

I. jRaise the ratio to a power whose exponent is one less 
than the number of terms, 

n. Multiply the power thus found by the first term : the 
product will be the required term. 

208. By what letter do we denote the ratio of a progression? In an 
increasing progression is r greater or lees than 1 ? In a decreasing pro- 
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EXAMPLES. 

1. Find the 6th term of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
5th term = 2 X 2* = 2 X 16 = 32. Ans. 

2. Find the 8th teum of the progression, 

2 : 6 : 18 : 54 . . . 

8th term = 2 X 3^ = 2 X 2187 = 4374. Ans. 

3. Find the 6 th term of the progression, 

2 : 8 : 32 : 128 . . . 
6th term = 2 X 4^ = 2 X 1024 = 2048. Ans 

4. Find the Vth term of the progression, 

3 : 9 : 27 : 81 . . . 

7th term = 3 x 3^ = 3 x 729 = 2187. Ans. 

5. Find the 6th term of the progression, 

4 : 12 : 36 : 108 . . . 
6th term = 4 x 3* = 4 x 243 = 972. Ans. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day? Ans, $5.12. 

■ ' ' — ' ■■■■'■ ■■ ■ I ■ - ■ ■ I ■■ I ■ M ■ ■■■III »- — ■ —H — I. I -^l■^— ■. ■ ■■ M 

gression is r greater or less than 1 ? If a is the first term and r the 
ratio, what is the second term equal to ? What the third ? WTiat the 
fourth.? What is the last term equal to ? Give the rule for finding the 
last term. 
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7. What is the 8th term of the progi^ession, 

9 : 36 : 144 : 576 . . . 
8th term = 9 X 4^ = 9 X 16384 = 147456. Am. 

8. Find the 12th term of the progression, 

1 s 



64 : 16 : 4 : 1 :• 

4 



• • • 



12tli term = 64(-j = _ = _ = ^^^ . Ans. 

209. We will now proceed to determine the sum of n 
terms of a progression, 

I denoting the nth term. 

We have the equations (Art. 208), 

b = ar, c = hi\ d =: cr^ e = dr, , , . k = ir^ I z=z Jcr^ 

and by adding^them all together, member to member, we 
deduce. 

Sum of Ist fnemlera. Sum of 2d msmibers. 

b+c-\-d+e-\- . . . +k+l={a + b-{-c-i-d+ . . . +^ + ^>; 

in which we see that the first member contains all the terms 
but or, and the polynomial, within the parenthesis in the 
second member, contains all the terms but I. Hence, if we 
call the sum of the terms Sy we have, 

JS- a z= {S- l)r z=: JSr -Ir, .'. Sr ^ S = Ir -^ a; 

whence, JS = • 

r -— 1 

209. Give the rule for finding the sura of the series. What is the first 
step? What the second? What the third? 
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Therefore, to obtain the sum of all the terms, or sum of the 
series of a geometrical progression, we have the 

KULE. 

I. Multiply the last term by the ratio : 

n. Subtract the first term from the product : 

in. Divide the remainder by tJie ratio diminished by 1 
and the quotient will be tJie sum of the series, 

1. Find the sura of eight terms of the progression, 

2 : 6 : 18 : 54 : 162 ... 2 X 3' = 4374. 

Ir - a 13122 - 2 ^^^^ 

S = = = 6560. 

r -- 1 2 

2. Find the sum of the progression, 

2 : 4 : 8 : 16 : 32. 

^ Ir — a 64 — 2 

S = = = 62. 

r — 1 1 

3. Find the sum of ten terms of the progression, 

2 : 6 : 18 : 54 : 162 ... 2 X 39 = 39366. 

A71S. 59048. 

4. What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the second month, 
$4 the third month, and so on, each succeeding pa}Tnent 
being double the last ; and what will be tbc last payment? 

. ( Debt, . . $4095. 
( Last payment, $2048. 

5. A daughter was married on l^Tcw- Year's day. Her 
father gave her Is., with an agreement to double it on the 
first of tlie next month, and at the beginning of each succeed- 
ing month lo double what she had previously received. How 
much did sIjc receive? A?is. £204 15s, 
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6. A man bought ten bushela of wheat, on the condition 
that ho should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel, and for the ten bushels ? 

. j Last bushel, $196 83. 
^^' \ Total cost, 1295 24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

, \ Last, 140737488355328 bush. 
^' \ Sum, 160§42843834660. 

210. When the progression is decreasing, we have, 
r < 1, and /< a ; the above formula, 

for the Bum, is th'en written under the form, 

in order that .the two terms of the fraction may be positive. 

1. Find the sum of the terms of the progression, 

32 : 16 : 8 : 4 : 2 

32 — 2 X ^ 

S = •- = = --- = 62. 

1 — r 1 1 



210. What is the formula for the sum of the series of a decreasing 
progressioD ? 
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I 

2. Find the sum of tlie first twelve tenns of the pro- 
gression, 

1 /1\" 1 

64 : 16 : 4 : 1 :-:.*. : 64(-l , or 



65536 



64 — ——- X- 256 



„ a — lr 65536 4 65536 ^, . 65535 
S = = = = 85 + 



1 — r 3 3 196608 

4 

2 1 !• Remark. — ^We perceive that the principal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

3. Find the sum of six terms of the progression, 

612 : 128 : 32 . . . 

Am. 682^. 

4. Find the sum of seven terms of the progression, 

2187 : 729 : 243 . . . 

Arts. 3279. 

5. Find the sum of six terms of the progression, 

972 : 324 : 108 . . . 

Ans, 1456. 

6. Find the sum of eight terms of the progression, 

147456 : 36864 : 9216 . . . 

Ans. 196605. 

OF PROGRESSIONS HAVING AN INFINrTB NUMBER OF TERMS. 

«12« Let there be the decreasing progression, 

a I b : e : d : e : f : . . . 

212. When the progression is decreasing, and the number of terms in- 
finite, what is the expression for the value of the sum of the series ? 
13 
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contaimng an indefinite number of terms. In the formula, 

cr a — Ir 

^ = 1 — :;:' 

1 — r 
substitute for I its value, ar"" ^, (Art. 208), and we hare, 

a — ar» 



S = 



1 -r ' 



which expresses the sum of n terms of the progression. 
This may be put under the form, 

/3 = 



1 — r 1 — r 

Now, since the progression is decreasing, r is a proper 

fraction ; and r" is also a fraction, which diminishes as n 

increases. ^Therefore, the greater the nimiber of terms we 

take, the more will X r" diminish, and consequently, 

the more will the entire sum of all the terms approximate 

to an equality with the first part of /S, that is, to • 

Finally, when n is taken greater than any given number, 

or w — infinity, then x r" will be less than any 

given number, or will become equal to ; and the expres- 

sion, , will then represent the true value of the sum 

of all the terms of the series. Whence we may conclude, 
that the expression for tJie sum of the terms of a decreasing 
progressiony in which the number of terms is infinite^ isy 

1 — r 
that is, equal to tJie first term^ divided ly 1 minus the ratio. 
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This is, properly speaking, the limit to which the partial 
sums approach, as Tre take a gi*eater number of terms in the 

progression. The difference between these sums and , 

may be made as small as we please, but will only become 
nothing when the number of terms is infinite. 



EXAMPLES. 

1. Find the sum of 

ill 11 ^ . . ., 
1 •«•::• 777; • :;t » to mnmty. 
3 9 27 81' ^ 

We have, for the expression of the sum of the terms, 

S = z = = - = 11. Ans. 

1 — r 1 2 ^ 

"" 3 

The error committed by taking this expression for the 
value of the sum of the n first terms, is expressed by 

a 3/l\« 
X /•» = -i-i • 



= m 



1 — r 
First take n = 5 ; it becomes, 

2\3/ 2 . 3* 162 

When n = 6, we find, 

2\3/ 162 3 486 

Hence, we see, that the error committed by taking - for 

the sum of a certain number of terms, is less in proportion 
as this number is greater. 
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2. Again, take the progression, 

T • • • — • • ^-^— • MVTf* 

2 4 8 16 32 
We have, >S^ = = = 2. Ana. 

1 —T 1 

"" 2 

3. What is the snm of the prpgression, 

1, — • — , , , &c., to infinity. 

' 10' 100' 1000' 10000' ' ^ 

S = = = !-• Ans. 

1 — r I __ J_ ^ 

lb 

213. In the several questions of geometrical progres- 
sion, there are ^ye numbers to be considered : 

1st. The first term, . . a, 
2d. The ratio, . . . . r. 
3d. The number of terms, n, 
4th. The last term, . . I. 
5th. The sum of the terms, S. 

214. We shall terminate this subject by solving this 
problem: 

To find a mean proportional between any two numbers, 
as m and n. 

Denote the required mean by x. We shall then have 
(Art. 197), 

a;2 = m X n; 



and hence, x = \^m x n. 



213. How many numbers arc considered in a geometrical progression? 
What are they ? 

214. How do you find a mean proportional between two nuAibetsf 
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That is : Multiply the two numbers together^ and extract the 
square root of theprodtcct. 

1. What is the geometrical mean between the numbers 
2 and 8 ? 

Mean = y^8 x 2 = -/iB = 4. Ans. 

2. What is the mean between 4 and 16 ? Ans. 8. 

3. What is the mean between 3 and 27 ? Ans, 9. 

4. What is the mean between 2 and 12 ? Ans. 12. 

5. What is the mean between 4 and 64 ? Ans. 16. 

therefore, 840 satisfies the enunciation. 
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CHAPTER X. 



OP LOGARITHMS. 



215. The nature and propeities of the logarithms in 
common use, will be readily understood by considering 
attentively the different powers of the number 10. They 
are. 



lO*^ - 


1 


10^ = 


10 


102 = 


100 


103 — 


1000 


10* = 


10000 


lO-"^ == 


lOOOOi 


&c., 


<fec. 



It is plain that the exponents 0, 1, 2, 3, 4, 5, <fec., form an 
nrithmetical series of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000,^10000, 100000, &c., form 
a geometrical progression of which the common ratio is 10. 
The number 10 is called the base of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 5, <fec., are the logarithms of 

215. What relation exists between the exponents 1, 2, 3, Ac? How 
are the corresponding numbers 10, 100, 1000? What is the common 
difference of the exponents ? What is the common ratio of the corre- 
sponding numbers ? What is the base of the common system of loga- 
rithms ? What arc the exponents ? Of what number is the exponent 1 
the logarithm ? The exponent 2 ? The exponent 3 ? 
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the numbers which arc produced by raising 10 to the powers 
denoted by those' exponents. 

316. If we denote the logarithm of any number by m, 
then the number itself will be the mth power of 10 ; that is, 
if we represent the corresponding number by M^ 

10"* = M. 

Thus, if we make m = 0, Jf will be equal to 1 ; if m = 1, 
M will be equal to 10, <fec. Hence, 

The logarithm of a nxmiber is the expone^vt of Uie power 
to which it is necessary to raise the base of the system in 
order to produce the number. 

217. If, as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

lO*" - M, (1.) 

in which wi is the logarithm of M, 

If we take a second exponent 9i^ and let iV denote the 
corresponding number, we shall have, 

^ 10« = iV; (2.) 

in which n is the logarithm of iV. 

I^ now, we multiply the tiret of these equations by the 
second, member by member, we have, • 

10*" X 10" = lO*"-^* = Jff X iV'; 

but since 10 is the base of the system, m + ^ is the loga- 
rithm M X iV; hence, 

216. If we denote the base of a system by 10, and the exponent by 
m, what will represent the corresponding number? What is the logarithm 
of a number ? 

217. To what is the sum of the logarithms of any two numbers equal? 
To what, then, will the 'addition of logarithms correspond? 
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The sum of the logarithms of any two numbers is equd 
to the logarithm of their product. 

Therefore, the additio?i of logarithms corresponds to the 
multiplicatioti of their numbers, 

2 18. If we divide Equation ( 1 ) by Equation (2), mem- 
ber by member, we have, 

but since 10 is the base of the system, m — n is the loga- 
rithm of -th-; hence. 

If one number be divided by another^ the logarithm of 
the quotient will be equal to the logarithm of the dividend^ 
diminished by that of the divisor. 

Therefore, the subtraction of logarithms corresponds to 
the division of their numbers, 

219. Let us examine further the equations, 

10° = 1 
10^ = 10. 
10» = 100 
103 _ 1000 
i&C, &c. 

It is plain that the logarithm of 1 is 0, and that the loga- 
rithm of any number between 1 and 10, is greater than 



218. If one number be divided by another, what will the logarithm 
of the quotient be equal to ? To what, then, will the subtraction of loga- 
rithms correspond ? 

219. What is the logarithm of 1? Between what limits are the loga- 
rithms of all numbers between 1 and 10? How arc they generally ex- 
pressed ? 
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and less than 1. The logarithm is generally expressed by 
decimal fractions ; thus, 

log 2 = 0.301030. 

The logarithm of any number greater than 10 and less 
than 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, 

log 50 = 1.698970. 

The part of the logarithm which stands at the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less than the number of 
places of figures in the number %ohose logarithm, is taJcen, 

Thus, ill the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABTJS OF LOGARrrilMS. 

220. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some other 
given number. A table showing the logarithms of tlie 
numbers between 1 and 100 is annexed. The numbers arc 
written in the column designated by the letter N, and the 
logarithms in the column designated by Log. 



How is it with the logarithms of numbers between 10 and 100? "What 
is that part of the logarithm called which stands at the left of the char- 
acteristic? What is the value of the characteristic? 

220. What is a table of logariilims? Explain the manner of finding 
the logarithms of numbers between 1 and 100 ? 
13* 
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TABLE. 



1 


Log. 


26 


Log. 


51 


Log. 


"nT 


Log. 


0.000000 


1.414973 


1.707570 


76 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 


0.698970 


30 


1.477121 


55 


1.740363 


80 


1.903090 


"ti 


0.778151 


31 


1.491362 


56 


1.748188 


81 


1.908485 


7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.518514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


35 


1.544068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.550303 


61 


1.785330 


86 


1.934498 


12 


1.070181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


U 


1.140128 


39 


1.591065 


64 


1.806180 


89 


1.949390 


15 


1.176091 


40 


1.6020r0 


65 


1.812913 


90 


1.954243 


1« 


1.204120 


41 


1.621784 


(>6 


1.819544 


91 


1.959041 


17 


1.230449 


42 


1.623249 


(.7 


1 . 826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


(9 


1.838849 


94 


1.973128 


20 


1.301030 


45 


1.653213 


70 


1 845098 


95 


1.977724 


21 


1.322219 


46 


1.6()2758 


71 


1.851258 


96 


1.982271 


22 


1.342423 


47 


1. 672008 


72 


1 . 857333 


97 


1.986772 


23 


1 301728 


4S 


1.081241 


73 


1 . 863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


09 


1.995(:35 


25 


1.397940 ' 


! 50 


1.698970 


75 


1.875061 


100 


2.000000 



EXAMPLES. 



1. Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of the 
logaiithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 from the table, whicli is 0.903090, 
and then the logarithm of 9, which is 0.954243 ; and their 
sum, which is 1.857333, will be the logarithm of the product. 
In searching along in the table, we find that 72 stands oppo- 
site this logarithm ; hence, 72 is the product of 8 by 9. 
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2. What is the product of V by 12? 

Logarithm of 7 is, . 
Logarithm of 12 is, 

Logarithm of their product, 
and the corresponding number is 84. 

3. What is the product of 9 by 11 ? 

Logarithm of 9 is, . 
Logarithm of 1 1 is, 

Logarithm of their product, 
and the corresponding number is 99. 



0.845098 
1.079181 

1.924279 



0.954243 
1.041393 

1.995636 



4. Let it be required to divide 84 by 3, We have seen 
in Art. 218, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract from it the logarithm of 
3, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, 
Tlie logarithm of 3 is, 

Their difference is, ... , 
and the corresponding number is 28. 

5. What is the product of 6 by 7 ? 

Logarithm of 6 is, 
Logarithm of 7 is 

Their sum is, 1.623249 

and the corresponding number of the table, 42. 



1.924279 
0.477121 

1.447168 



0.778151 
0.84^098 



HATIONAL SEEIES OF STANDAED SCHOOL-BOOKS. 



D AVIE S' 

Complete Course of Mathematics. 

Hlementavs Course. Retail Pric. 

DAVIES* PRIiMAPwY ARITRMETIO AND TABLE-BOOK $0 15 

DA VIES' FIRST LESSONS IN ARITHMETIC 20 

DAVIKS' INTELLECTUAL ARITHMETIC 25 

DAVIES' NEW SCHOOL ARITHMETIC 45 

KEY TO DAVIES' NEW SCHOOL ARITHMETIC 45 

DAVIES' NEW UNIVERSITY ARITHMETIC 75 

KEY TO DAVIES' NEW UNIVERSITY ARITHMETIC 50 

DAVIES' GRAMMAR OF ARITHMETIC 80 

DAVIES' NEW ELEMENTARY ALGEBRA 75 

KEY TO DAVIES' NEW ELEMENTARY ALGEBRA 50 

DAVIES' ELEMENTARY GEOMETRY AND TRIGONOMETRY.... 1 00 
DAVIES' PRACTICAL MATHEMATICS 1 00 

^Dbantetr Course. 

DAVIES' UNIVERSITY ALGEBRA 1 25 

KEY TO DAVIES' UNIVERSITY ALGEBRA 1 00 

DAVIES' BOURDONS ALGEBRA 1 50 

KEY TO DAVIES' BOURDONS ALGEBRA 1 50 

DAVIES' LEGENDRES GEOMETRY 1 50- 

DAVIES' ELEMENTS OF SURVEYING 1 60 

DAVIES' ANALYTICAL GEOMETRY 1 25 

DAVIES' DIFFERENTIAL AND INTEGRAL CALCULUS 1 25 

DAVIES' DESCRIPTIVE GEOMETRY 2 00 

DAVIES' SHADES, SHADOWS, AND PERSPECTIVE 2 60 

DAVIES' LOGIC OF MATHEMATICS 1 25 

DAVIES' MATHEMATICAL DICTIONARY 2 50 

Davies' Matokm atical Cu art (Sheet) 25 

This Series, combining all that is most valuable In the various inetho<l8 of European 
Instruction, Improved and matured by the suggestions of nearly forty years" experience, 
now forms the only complete consecutive Course of MatfuTnatiot. Its methods, 
harmonizing as the work of one mind, carry the student onward by the same analogies 
and the »ame laws of association, and are calculated to impart a comprehensive knowl* 
edge of the science, combining clearness in the several branches, and unity and propor- 
tion in the whole. The higher Books — in connection with Prof. Church's CalculuA 
and Analytical Oeometry—axe the Text-books in the Military Academies of the 
United States. The Superintendents of Public Instruction in very many States 
have oflacially recommended this Series. It is adopted and in successful use in the 
Normal Schools of New York, Michigan, Connecticut, and other Sttitos^ and in a 
large proportion of the best Schools, Academies, and Colleges of the Union. The 
Revised Editions of the Arithmetics embody all the latest and most approved pro* 
ces.'ies of imparting a knowledge of the science of numbers. 

A. S. Barnks <fe Bttkb have the pleasure of announcing ak kntirrlt Nbw Worx^ 
by Professor Daviks, entitled 

zarxs^v xsZiXSM:xsxirTAB.v AZiaisBHA, 

Comprising the First Principles of the Science 
Also, just issued, 

UNIVERSITY ALGEBRA, 

Embracing the Logical Development of the Science, with numerous prailed examples 

The nbovc works combine, with tlie BoiTr.n(»N'B Aigkbra, to f«>rm a complete j«nd 
consecutive course — leadin^r the pupil fiorii tln' iiuisr eU-nieiitary princli>les to th« 
consideration of ihe most dillicult prubltMiiN i,f tli>* s^-ioncv. 

A S. BARNES & BURP, Publishers. 



NATJOHAL SEB IE8 OF STAHDABD SCHOOL-BOOKS. 

TAHKER & WATSON'S RKADING SERIES. 

rHE NATIONAL ELEMENTABT SPELLER. Price 15 cento. 

tHE NATIONAL PBONOUNCINQ SPELLEB. 188 pages. Price 25 cents 
A full treatise, with words arrmnged and classified according to their vowel 
sounds, and reading and dictation exercises. 

THE NATIONAL SCHOOL PRIMER; or, "PRIMART WORD-BUILDER." 

(Deautirully Illustrated) Price 15 cents. 

THE NATIONAL FIRST READER; or, "WORD-BUILDER." 

(Beautifully Illustrated) 118 pages. Price 25 cents. 

THE NATIONAL SECOND READER 224 pages. Price 37i cents. 

Containing Primary Exercises in Articulation, Pronunciation, and Punctuatioa, 
(Splendidly Illustrated.) 

THE NATIONAL THIRD READER 288 pages. Price 50 cents. 

Containing E.vercises in Accen% Emphasis, Punctuation, «fcc. (Illustrated.) 

THE NATIONAL FOURTH READ ER 405 pages. Price 75 cents. 

Containing a Course of Instruction in Elocution, Exercises in Reading. Declama- 
tion, Ac 

THE NATIONAL FIFTH READER 600 pages. Price ILOO 

Witti copious Notes, and Biographical Sketches of each Writer. 



These Readrrs have been prepared with the ^cafest care and labnr, by Kiciiaro 
G. Parkxr, a. M., of Boston, and J. Madison Watson, an experiencefl Teacher of 
New York. No amount of labor or expense has been spared to render them as near 
perfect as possible. The Illustrations, which are from original designs, and the 
Typograpliy, are unrivalled by any similar works. 

The First Header, or " "Word-Euilder," being the first issued, is alread) 
in extensive use. It is on a plan entirely new and original, commencing with toorcL 
of one letter^ and building up letter by letter, until sentences are formed. 

The Second, Third, and Fourth Headers follow the same indnctivi 
plan, wiih a perfect and systematic gradation, and a strict classification of subjects 
The pronunciation and definition of difficult words are given in notes nt the botton. 
of each page. Much attention has been paid to Articvlatlon and Orthoepy ; ant 
Exercises on the Elementary Sounds and their combinations have been so introduced 
as to teach but one element at a time, and to apply this knowledge to immediate use, 
until the whole is accurately and thoroughly acquired. 

The Fifth Reader is a full work upon Reading and Elocution, tne works of 
many authors, ancient and modern, have been consulted, and more than a hundred 
standard writers of the English language, on both sides the Atlantic, laid nnder con- 
tribution to enable the authors to present a collection rich in nil that can inform the 
understanding, improve the taste, and cultivate the heart, and which, at the same 
time, shall furnish every variety of style and subject to exemplify the principles o( 
Rhetorical delivery, and form a finished reader and elocutionist Classical and his- 
torical allusions, so common among the best writers, have in all cases been explained; 
and concise Biographical Sketches of authors from whose works extracts have been 
■elected, have also been introduced, together with Alphabetical and Chronological 
List* of the Names of Authors; thus rendering this a convenient text-book for Stu- 
dents in English and American Literature. 

A. S. BAENES & BTJEE, Publisliers, 

51 & S'i 3oVm. ^x.T^^t» Kew York 



MAIIOHAL SEBIES Of STANBABD SCHOOL-BOOKS. 



nONTElTH AND JHcNALLY'S 



X £1 S. 

♦ 

MONTEITH'S FIRST LESSONS IN GEOGRAPHY Price $0 25 

MONTEITH'S INTBODUCTION TO MANUAL OF GEOGRAPHY. 40 

MONTEITH'S NEW MANUAL OF GEOGRAPHY 60 

McNALLY'S COMPLETE SCHOOL GEOGRAPHY 1 00 



Monteith'8 First Ijessons in Geography— Introduction to Man- 
ual of Geography— and New Manual of Geography, are arranged on 
the catechetical plan, which has been proven to be the best and most snccessfal 
method of teaching tliis branch of study. The questions and answers are models of 
brevHy and adaptation, and the maps are simple, but accurate and beautiful. 

McNaIly'8 Geography completes the Series, and follows the pame gen&ral 
plan. The maps are splendidly engraved, beautifully colored, and perfectly accurate; 
and a profile of the country, sliowing the elevations and depressions of land, is given 
at the bottom of thd maps. The order and arrangement of map questions is also 
peculiarly happy and systematic, and the descriptive matter just what is needed, and 
nothing more. No Series heretofore published lias been so extensively introduced ic 
so short a time, or gained such a wide-spread popularity. 

These Geographies are used more extensively in the Public Schools of New York, 
Brooklyn, and Newark, than all others. 

f^fT" A. B. Clark, Principal of one of the largest Public Schools in Brooklyn, says : 
** I have nsed over a thousand copies of Monteith^s Manual of Geography since its 
adoption by the Board of Education, and am prepared to say it is the best wo / />r 
luniur and intermediate classes in our schools I have ever seen.^ 

Tha Series^ in whole or in part, hcM been adopted in ths 



New York State Normal School 
New York City Normal School. 
New Jersey State Normal School. 
Kentucky State Normal School. 
Indiana State Normal SchooL 
Ohio State Normal School 
Michigan State Normal School. 
York County (Pa.) Normal Sclioo.. 
Brooklyn Ptdytechnic Institute. 
Cleveland Female Seminary. 
Public Schools of Milwaukie. 
Public Sch(Mila of Pittsburgh. 
Public Schools of Lancaster, Pa. 
Public Schools of New Orleans. 



Public Schaols of New York. 
Public Schools of Brooklyn, L L 
Public Schools of New Haven. 
Public Schools of Toledo, Ohio. 
Public Schools of Norwalk, Conn. 
Public Schools of Richmond, V» 
Public Schools of Madison, Wis. 
Public Schools of Indianai>o1is. 
Public Schools of SpringAeld, Mast. 
Public Schools of Columbus, Ohio. 
Public Schoi)l» of Hartford, Conn 
Public Schools of Cleveland, Ohto. 

And other places too numerous to 
mention. 



They have also been recommended by the State Superintendents of Illinois 
Indiana, Wisconsin, Missoubl, North Carolina, Alabama, an<l by numenisi 
Teachers' Associaticins and Iiiiiititutes throuighout the country, and are in successful 
Dce Ir multitude of Public and Private Schools throushout the United States. 

A. S BARNES & BUE£, Publishers, 

51 & 63 John Street, New Yov.** 
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P If ATIOHAL SEBIES OF STANDABD SCSKIIrBOOXS. 



K LOCUTION. 

Tlie following Series of SCHOOL SPEAKERS, now in course of 
publication, compotso 

NOllTHEND'S NEW SERIES. 

1. THE LITTLE OBATOR; 

OR, 

PRIXMCAllir SCBOOIi S7ZIABXSB.. 

I IJy CiiAHLra NonriiKXD, A. M., Author of ** Teacher and Parent," and 

'• Tfiich IMS' Assistant." Price oO centa. 

"This >8 a nice little book, full of nire little pli-cef* for the little folks to ppcjik and 
r«MMto. Tilt* compiler liiisuinu'<l i» M'lert pieci'N Mlnpti-il to llie rHpiuiMes of (•hi:<lr»n 
uiulfr twelve veurK of o|:e. and at the same time to have tlie mutter micIi its will 
make proper iiioial illlpre^^ioIla. We think he has 8iice«eded.^' — Ntw Iluinjtshire 
! Jburmil of IJtiucation. 

\ 2. NORTHBND'S- NATIONAL ORATOR. Price 75 cents. 

3. NORTHGND'S ENTERTAXNING DIALOGXTES FOR 
YOUTH. Price 7u cents. 

4. NATIONAL UNIVERSITY ORATOR. (In press.) 
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AIDS FOR THE TEACHER. 
SCHOOL MANUAL OF DEVOTIO"!? ; or, Rkligious ExKBoisra 

for the Moinln*; and Evening of each Day in the Month. By N. C. 
Brook8, Presi<i(.*iit of Baltimore Female College. Price 88 cents. 

""Wf! are exceed in ply well plenscd with this little book, the only one we have ever 
8<'en for the same puiiio-e that hus met our approval. There arc nearly eevenry 
e\ercl-es, or lesj^mis. Karli exercise consists of two suitable hymns, followe<l by 
Siriplinv \\n«cs lobe read alternately by teacher and pupils, and a'so by an ujipro- 
•riiite fiirm of [»rayer. Wo most cordially commend it**— t'owwfcWctii CW'iHon 

'■••.if ,rnnrtia'. ^ 

SC-TCOL TEACHERS' REGISTE"?. Prcpau'd hy N. c. Bho„k8, 

» 

1. : 'i*<':»c]iL'r to record the Names and SUmding of each Pupil. 
Price cents. 

A S. BAENES & BUBB, Pnblislieni, 

51 & 5^ Scihii ^T««t, Ii[«w York. 
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